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1. Introduction

Auction models are prototypes of competitive sgtirand they are used in several branches of the
economic literature. In particular, the so-callécs{-price) all-pay auction is used (among others)
by Hillman and Riley (1989), Bayet alii (1993) and Che and Gale (1998) to model the |atapyi
process. This type of auction fits the lobbying gamell, since a lobbyist's contribution is not
typically returned if his efforts are unsuccessfahd indeed this literature has elaborated a number
of interesting results. In particular, Hillman aRdey (1989) prove that, if there is some asymmetry
among bidders/lobbyists, the politically contestat@nt is not totally dissipated even in the cdse o
a large number of potential contenders. In additigmyeet alii (1993) show that a seller/politician
wishing to maximize her revenue may find it in hest interest to exclude certain lobbyists from
the "finalist" short list (the so-called "Exclusi®tinciple™), particularly those lobbyists valuitige
political prize most (in order to raise incentitesspend for the likely losers). Che and Gale (3998
show a somehow related result: namely, the immwsiti an exogenous cap on individual lobbying
contributions may have the adverse effect of irgirgptotal expenditure (by increasing competition
among lobbyists).

It has to be stressed that the quoted literatuiersdo the case afompleteinformation
(according to standard terminology: see e.g. MaglCet alii, 1995: section 23, Appendix B): this
means that, at the time of bidding, any detaihef $etting is common knowledge to all the bidders,
including others’ evaluations of the prize. In parar, the working of the Exclusion Principle also
requires that bidders’ evaluations are known tostler (at the time exclusion is decided), a nathe
unusual assumption in auction theory (in fact, @egal rationale for using an auction mechanism is
exactly the fact that how much bidders value theepto be allocated among them is their private
knowledge). In addition, it has been noticed byeGahd Stegeman (1994) that the Exclusion
Principle depends on the assumption that the pialitimust award the prize (i.e., it cannot withhold
it nor use take-it-or-leave-it offer§)This assumption can be justified in the lobbyietfing if the
politician is unable to refuse credibly to alloc#te political rent: e.g., Bayet alii (1993) refer to
the choice of a city to host the Olympic Games.

In this paper we discuss the case in which theerseln possibly use a different exclusion
tool, namely a reserve price (a common mechanisauation theory§,which does not require the
seller to know bidders’ evaluations. After charaeiag the equilibrium of the all-pay auction with

an exogenously given reservation price, we show tina seller would indeed prefer a strictly

! This feature is also shared by other economicsacil games, such as patent races and sports.

2 Gale and Stegeman (1994) discuss a mechanismidh wie seller need not to award the prize to igaest bidder,
and prove that it delivers to the seller an higlesenue.

% In a lobbying game a positive “reserve price” cbplerhaps be interpreted as the politician’s abitlit postpone
(possiblysine dig the final decision.
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positive reserve price, which also increases therallvoutcome efficiency (it might decrease the
efficacy of the lobbying process through highertrdissipation). We show that a generalized
version of the Exclusion Principle holds: namehatta seller lacking the full-fledged bargaining

ability to make a take-it-or-leave-it offer to tlmghest-evaluation bidder (the intuitive optimal

mechanism for the seller) could still find optintalexclude some bidders from her short list even
when using a positive reserve price. However, #s= dor the Exclusion principle becomes weaker
in such a setting, since it cannot apply if thesres price is high enough.

We then discuss a setting in which, in an all-pastian with complete information among the
bidders, the seller is not fully informed while tg®g her reserve price and/or considering some
exclusion. Namely, we consider the case the selante regards bidders’ “ad-interim” valuations
as unknown realizations of random variaflés.such a setting Menicucci (2006) strikingly stsow
that, even if the seller regards the bidders’ pevealuations as identically and independently
distributed (iid), for some information structurescluding all but two bidders (randomly selected)
increases the seller's expected revenue (yet anatbision of the Exclusion Principle). We
characterize the optimal reserve price in suchtngeand extend the result in Bertoletti (2008):
namely, while using a positive reserve price, thiées wishes no exclusion if she regards bidders’
valuations as iid distributed according to a monatchazard rate (a feature of many common
distributions). Preliminary results for the caseimdependent but ex-ante asymmetric valuations
seem to suggest that the case for the ExclusiowiBle in settings with positive reserve prices is

indeed tenuous.

2. Theall-pay auction with complete information and areserve price

Consider the following settingy (risk-neutral) agents (the “buyers”) bid for azari(there is no
resale possibility). Bidder's (private) valuation of the prize ¥ (i = 1, ...,n), and we order the
bidders in such a way that > v, >...> V.1 > v, > 02 The “rules” of the auction can include a
reserve (minimum) pricp; = 0, i.e., a price below which the prize is not gssd. In particular, let
us indicate withy; the bid of agent. In an (first-price) all-pay auction, biddereceives the prize if
bi > Max{bj«} and b; = p;, and in that case his payoffus- b;, whereas his payoff ish; if he loses
(ties are broken randomly). Assumipg= 0, Hillman and Riley (1989), and Bagealii (1993) and
(1996) show that in the unique Nash equilibriumrdadeuses the uniform distributidf(by) = bi/v,

* Actually, this is the standard assumption in atiptete information” setting: again see Mas-Cabélalii (1995).

® The possibility of ties in the valuations is igadrhere. This can be justified by assuming thatvirere ex-ante
continuously independently distributed, so thakedaasa priori a zero probability (in an all-pay auction ties niamply
the existence of multiple Nash equilibria which ai@ necessarily revenue equivalent: see Batyalii, 1996 and
footnote 9 below).
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on the support [0;], while agent 2 uses,(by) = 1 -vo/v; + bo/vi on the same support (note that this
amounts to the fact that agent 2 randomises betiweern0 and the uniform distribution on g}
with probabilities respectively 1w/v; andvo/vi). Agentsj = 3, ...,n bid bj = 0 with probability 1.
The prize is then given to agent 1 with probabilityv,/(2v1) > ¥ and to agent 2 with probability
Vo/(2v1) < %2 (note that in the latter event the resuhias ex-post efficient, and thus it would not be
stable in the case of a resale opportunity). Aderdceives a (expected) payoff Bf(vi, Vo) =v; -

Vo, while the (expected) payoffs of the other agemes zero; i.e.Uj(vi, vo) = 0,] = 2, ...,n. The
expected total payment to the sellep(@y, Vo) = p1(Va, Vo) + P2(V, V2) = Vol 2 + (vofv)(Vo/2) = Vo (1 +
VoIv1)I2 <v,, wherep; is the expected payment of agendl,2.

The previous results show that the outcome of lapagl auction is not ex-ante efficient, since
for the expected social welfavé the following inequalities holeh, <W(vy, Vo) = vy - Vo + p(Vy, Vo) <
v..2 From the perspective of the economic theory obyatyg, they illustrate the possibility that,
even if the number of potential contenders is lasggmmetries among players might imply that the
political rent is not fully dissipated (see Hillmand Riley, 1989: pp. 18-19). In addition, notettha
op/dvy <0 anddp/ov, > 0 (0 can be proved to be convex): indeed, Balyalii (1993) show
that a politician (the seller in the auction) wighito maximize her revenue should be willing to
select the two active lobbyists (the biddetandi*+1 in order to maximize(vi, Vi+1). This implies
that she might find it in her best interest to exe lobbyists from 1 to*-1 from her “finalists short
list”, if she is allowed to (there is no point izctuding bidders from*+2 to n). This could be
worthwhile for her because while the expected payniom anyi* # 1 in the finalist list is
necessarily less than the payment expected framtHeilargest auction, the expected payment from
i* + 1 may rise with respect to that of 2 and mdnant compensate the decrease of the other
component of total payment.

This is the Exclusion Principle, which is intuitlyebased on the idea to raise (overall)
incentives to spend for the active asymmetric pigidints by putting them on a more equal footing.
More formally, the Exclusion Principle works bysimg the equilibrium probability of winning of
the least favourite contender (between the two areoactive in equilibrium). From the perspective
of economic theory of lobbying, Bay alii (1993: p. 290) argues that the politician (thdesgl
under plausible circumstances, has an adversetinedn preclude the lobbyists who most value
the prize from participating in the lobbying garii@e idea of handicapping the favourite is simple,
interesting and it has some counterpart both inatietion literature witincompleteinformatiorl
(if agents’ valuations are not identically and ipdedently distributed: see e.g. Myerson, 1981 and

® For the sake of simplicity, we assume that thiegslevaluation of the prize is zero.
" This means that the valuation of each bidderiisape information to himself at the bidding stagee e.g. Mas-Colell
et alii (1995: section 23) for this terminology.

4



Klemperer, 2004: pp. 21-8) and in sport (e.g.,dif gompetitionsf However, note that bidder 1's
exclusion decreases the expected social welfare.

Now consider an exogenously given positive reseniee. It turns out that the bidding Nash
equilibrium is unique. In particular, ¥, > p, = v,, the prize is efficiently allocated to bidder ¥ fo
his bid ofr = p;, while the other bidders bid zero with probabilityif v; = p; bidder 1 is indifferent
to receiving the prize and there is a continuunNagh equilibria in which he bidy = 0 with a
positive probability). Things are more interestihg, < v.. The relevant results are summarized in

Proposition 1.

Proposition 1. Consider an (first-price) all-pay auction with colefe information (no resale
possibility). Suppose pr = 0. Then, in the unique bidding Nash equilibrium: i{lb1) = bi/v, on
the suppor{pr,vo]; i) F2(b2) = 1 -wo/vy + bo/vy on the supporfO O [pr,vo]}; i) F(0) = 1,j =3, ...,

n.

Proof: see Appendix 1. Note that Proposition 1 saysdhgant 2 randomises betwdgn= 0 and the
uniform distribution on j;,v,] with probabilities of respectively 1 v«- p;)/v1 and {- - p;)/vi, and
that agent 1 randomises betwdlr= p, and the uniform distribution omVv.] with probabilities of
respectivelyp/v, and 1 -pi/v,. The equilibrium cumulative distribution functiaf agents 1 and 2

are illustrated in Figure 1.

1
F2
V.

_ V2 B
1 V1 * V1
[

Vo F1
P v P

FIGURE 1: The equilibrium distribution functions fpr < v,

8 Sport event organizers are typically interestesiome "competitive balance" among players: a fanesasple comes
from the history of the Giro d'ltalia ("Tour of Iyd), the Italian most important cycling stage-ratteis reported that at
the beginning of the twentieth century cyclist Alfio Binda was so much stronger than his possilsigettors (he had
already won the Giro d’ltalia five times) that thganisers paid him not to participate.
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Also note that, exactly as in the case without sitp@ reserve price, agent 1 receives an
(expected) payoff otJ;(v1, Vo, pr) = V1 - Vo, While the (expected) payoffs of the other agemts
zero. However, the prize is now won by agent 1 itbbability 1 — > - p2)/(2vavs) > 1 -vo/(2va);

i.e., the introduction of a positive reserve priaeses the probability of an ex-post efficient aume
by raising the probability that the prize is alltemh to agent 1. Moreover, the expected total
payment to the seller is given b & p;):

V22 + pr2 + V22 ~ pr2 (1)
2v, 2v,

5(\/1’\/2’ pr) = ﬁl(vl’VZ’ pr) + ﬁZ(Vl’VZ’ pr =

(note thatP (v1, Vs, pr) is continuous (and differentiable) for amy= p, = 0).° Equation (1) shows

that, as it should be expected, the payment bytdgerreases (on expectation), while the payment
of agent 2 decreases, with respect to the casenafl aeserve price. In particular, the increase is
given by p./2)(v>* —viY): note thatdp/d p, > 0 and thatp (v1, Vo, p;) goes continuously from(v,

Vo) to vy aspr goes from O tar; (p =0 ifvy <prand p =pr if vi > pr 2 Vo). This is described in
Figure 2. Note, finally, that sind&Avi, Vo, pr) = V1 - Vo + p(V1, Vo, Pr), also the expected social

welfare increases with respect to the case of laesgrve price.

p (Vl! V2! pr) 450

p(v1, V2)

Pr

FIGURE 2: The expected revenue as a functiop;of

® Forvy; =V, 2 p; > 0 there is more than a single Nash equilibriang equation (1) does not apply to all of them (see
footnote 5).
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By interpreting the reserve pritevelas a measure of the seller's bargaining powelogfahg
the suggestion by Milgrom, 1987), we can concluus & fully-informed seller “strong” enough
would usep; > v,, and in factp, = v; (i.e., she would make a take-it-or-leave-it offeragent 1),
without excluding any bidders. In such a case,etheitl not generally be full “rent dissipation”
(unless in the extreme cases of eithier= v, or pr = v3), independently from the number of
competitors. But, clearly, the Exclusion Principlees not apply, since it will always be better for
the seller to use a large enough reserve ppce {-) rather than to exclude through a “finalists
short list” some of the bidders who value mostghee.

However, the situation is more complex if the geigenot “strong enough” to set a reserve
pricepr = v,. Sincedp/dv; < 0 andop/0 v, > 0, it is still possible that the exclusion ofismagents
is in her interest. In particular, she should cledo$ (> i) and p; in order to maximizep (vi, v, pr)
under the “bargaining constraints” she faces. MNotltat, if the reserve price that the seller can
adopt does not depend on the agents she seleetwjlshlways choose the largest possible reserve
price, sayp,”, and also agent1 when he chooses agént.e., things are very much as in Baste
alii (1993), and a generalized version of the Exclugionciple holds. But, in such a case, it cannot

be strictly better to exclude agent from 1i tol if p,” = Vis1 (since P (i, Vi+1, Pr) > pr if Vies > pr),

which implies that there will be no profitable exsion at all ifp,” > va. In other words, the case for

the Exclusion Principle becomes weaker.

3. Exclusion for a seller facing incomplete infor mation

The assumption that a fully informed seller cardiby exclude some bidder from her “short
list” while she is unable to ask him a price najhar than his valuation does not seem particularly
palatable as a general bargaining feature. Forrdgason in this section we refer to the setting
introduced by Menicucci (2006) and Bertoletti (2D0&nd investigate the case of a seller facing
incomplete information. In such a setting(vi, V2, pr) is the revenue the seller expects “ad interim”
(before bidding takes place but after the definitdd a possible “short list” of auction participapt
where from her point of view; andv, are respectively the first (highest) and the sdg@econd-
highest) order statistics afi stochastic variables (see e.g. Krishna, 2002: AgpeC). We
generalize the assumptions of Bertoletti (2008agsuming that; andv, are jointly distributed on
the supporty,v]% v >v = 0, according to a continuous density functigwm, v») which is strictly

positive forv >v; > v, >v.'°

19 Note that, obviouslyg(l) depends on the joint distribution of the biddesatuations: see Appendix 3 for the case of
independent bidders’ valuations.
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It follows that the seller should set the optinederve price by maximizing with respecpto

PE(P,) = [ [ BV, v, PGV, V),

vV

(2)

_P9(P), [T
= p(Vv,,Vs,, P, )9(Vv,,V,)dv,dy,,
y(pr) ;)':\_/[ 1 2 1 2 1 2

where PE(p) = E{ p(v1, V2, p))} (the ad-interim expected value o) is a continuous and

differentiable functiongy (D)l is the density function of;, K01 = gi(DV(G2(D) - Ga1(D) and Gy () and
Go([Y are the (marginal) distributions functions ofgestivelyv, andv,. Of course Gy(pr) - Gi(pr)

= Pro{ v, <pr <vi}. We callythegeneralizechazard rate, since it is equal to the hazardA¢@je

= h(DV(1 - H(D), whereh()l is the density function which corresponds torihstion H([), if the
bidders’ valuations are iid according kb The role played by it in auction theory comesrfrthe
fact thatE{v1 - vo} = E{1/ K1)}, as it is easily seen (thus the expected valud® inverse of the
generalized hazard rate measures the bidders’ coenp® of the ex ante expected social welfare).
Note thatG, = G, and thusy= 0, and limyv) — « forv — V. Also note thaP5(V) = 0, andP5(v)

> 0.

Computation shows that:

LI — g, (0 )9(p )+,
b

r

—_— <

f¢

1 1
— —-)g(v,,v.,)dv.dv, , 3
y V)g(l ,)dv,dv, (3

2 1

o

T

where ¢(0] = () — /(DL We call ¢ the generalizedvirtual value, because it satisfies the property
E{ #(v1)} = E{vo} which is possessed by the “virtual value” studieg the literature on auction
with incomplete information and iid valuations (s&g. Krishna, 2002: section 5.2). Note that lim
#(v) — V forv - V. Sincegi(v) = 0, (3) implies thatP5(v)/dp: > 0 if v > 0; moreoverdP~(v)/dp:

=0 if v=0 but in such a cas#v) < 0. Thus the optimal reserve prig& is larger tharv, smaller
thanv, and must satisfgtP=(p.*)/dp, = 0.

Notice thatp,* depends on the set of the short-listed particgptmthe auction througiy(DL
Thus, in general, the optimal reserve price shbel@xpected to change after a change in the short
list. In particular, intuition suggests that thdélesecould prefer to exploit the opportunity to set
higher reserve price rather than exclude the caoetewho is (expected) to be “more eager” to buy.
Unfortunately, it appears impossible to solve eifii dP5(p,)/dp. = O even in the simplest case in

which the seller regards bidders’ valuations (fdgaoted b/, wherej = 1, ... ,n indicates the
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bidders whose valuations are not ex ante orderedyl @ccording to a uniform distribution on the
support [0,1], and thug(vi, v») = ("* —n)(v)"~ % (see Appendix 3 and e.g. Krishna, 2002: p. 267).
In spite of this difficulty, some results can beingal even discharging the reserve price
optimal adjustment. Indeed, a solvable case aifses in Bertoletti (2008), the seller regards
bidders’ valuations as iid according to a contimigumulative distribution functiokl([)) on the

support {,v]. The following Proposition 2 holds.

Proposition 2. Consider an all-pay auction with complete informoatiamong bidders and any
given reserve price. Suppose that the bidders’atadus are ex-ante iid according to a strictly
increasing distribution Hf with a continuous density function and a monatencreasing hazard
rate. In this case the seller maximizes her expeaeenue by getting the largest possible number

of actual participants

Proof: see Appendix 3 (it extends Bertoletti, 2008 te@ ttase of a positive reserve price).
Proposition 2 shows that no Exclusion Principle egply if the seller regards the bidders’
valuations as iid according to a monotonic hazatd (a technical condition, equivalent to the “log-
concavity” of [1 -H(+)], satisfied by many distributions: see Bagimliand Bergstrom, 2005). This
implies thatE{v; - o} decreases with respect to the number of (ex-mlgmstical) bidders and this,
in turn, implies that a largem cannot harm the seller (for a discussion see Extit02008),
whateveris the reserve price adopted. Thus, in this setgeresult of Menicucci (2007) holds
under seemingly severe conditions.

However, we believe that a fair assessment of tt@uBion Principle in this setting should
rather refer to the case of valuations which areigentically distributed. It is intuitive and eagy
see that, if potential bidders’ valuations are pelelent, associated to a bidders’ group there are
distributions for the first and the second ordetistics such that they first-order stochastically
dominate the corresponding distributions associtieahy (strictly smaller) bidder sub-group (see
Appendix 3 and Shaked and Shanthikumar, 1994:edtiB.4). We speculate that, as in the case
of iid bidders’ valuations, a key question is tffee of enlarging the set of bidders Bfiv; - v}, **
but this appears hard to characterize in the gemase, since the enlargement also affects the
generalized hazard rajeln particular, 1yis an average of the different hazard ratk 2/(1 -Hj)/hj
whose (variable) weights are the normalized vabfese so-calledeversehazard rategt = W/H':
see Appendix 3. Clearly, even monotonicity of teaeyalized hazard rate would not be enough to
guarantee thd{ v, - v} decreases while the set of (independent butdwttical) bidders enlarges.

A simpler case arises if there are only two typlesidders, say andw, with H(J1 = (H"(D)°,

M Note that, up to the second term of its Tayloramgion with respect ta, p = V> — (1 - V2)[1 — (/V)7/2.
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6> 1: following Krishna (2002: section 4.3), we ldldlem the strongs| and the weakw) bidder
types, sinceH® likelihood-ratio stochastically dominatét’ (see e.g. Krishna, 2002: Appendix B
and Shaked and Shanthikumar, 1994: section 1.Gudh a case it is easy to see that the weights in
the average that defines the generalized hazagdaratconstant (with respect to its argument) and
equal respectively téh”(én° + n") andn"/(éh° + n") (wheren® andn” are the numbers of the strong
and the weak bidders, witlh = n®* + n%"), and that the addition of any type of bidder gates a
distribution forv; such thatg;(vi; n + 1) (with obvious notation) likelihood-ratio stwastically
dominatesy;(vi; n): see (A.9) in Appendix 3. Moreover, the monotdygiof A" then implies the
monotonicity ofA® and is sufficient to guarantee the monotonicity.of

Assuming that1" is monotonic, aufficientcondition for getting a decreak§v; - v»} by the

addition of onestrongbidder is:
S d - ” S d . S w
He ) <[ vn® I vwin® +2n0, (4)

as it can be seen by taking the difference of tkeeted values of the generalized hazard rate
before and after the addition, and integrating agtg Since computation shows tligt/A")/dv >
d(1/2%/dv if A" is monotonic, it is clear that (4) is satisfieddaccordingly that adding a “strong”
independent bidder to the set of the auction ppéits does decrease the expected difference of {

- Vo}. One can prove that such an addition actuallyreleses), and simulations fo#, n° andn”
using the uniform distribution on [0,1] fdd" indeed suggest that it also always (whatgwgr
increase$", as in the iid valuations case. That is, the Esiolu principle appears not to extend to

even such a case.

6. Conclusions.

It is known that, without a reserve price, (firstee) all-pay auctions are inefficient trade
mechanisms under complete information among bidderthis paper we have characterized their
(mixed strategy) Nash equilibrium undepa@sitivereserve price. As it is intuitive, a fully informe
seller would like to set a reserve price (if she caedibly do that), since this increases overall
efficiency and is profitable for her. Indeed, thH®lity to set a positive reserve price (to comnoit t
refuse to sell) is obviously an important parttu seller's bargaining power. We have shown that,
even with a positive reserve price, a fully-infodngeller might find it better to exclude a bidder
who is especially eager “to buy” (an extensionked s0-called Exclusion Principle). However, we

have also showed that, once the possibility that réserve price is optimally set is taken into
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account, the case for the Exclusion Principle bexomeaker.

We have also argued that an appealing model slasgloime that the seller is not fully informed
when setting her optimal reserve price and/or d®sig exclusion, and characterized her optimal
reserve price for an all-pay auction with complet®rmation of the bidders. In this setting, we
have extended a result due to Bertoletti (2008) slmmived that, if the seller regards the bidders’
valuations as iid according to a monotonic hazat#,rthe Exclusion principle cannot apply.
Preliminary results for the case of independentebuinte asymmetric valuations (perhaps a more

apt setting) seem to restrict the case for ittigasions in which reserve prices cannot be used.

Appendix 1

Proof of Proposition 1Clearly, for each agemnthe set of (weakly) undominated strategies ismgive
by {O O [pr,vi)}. Moreover, it can be shown that in equilibriura hidder playd; O (pr,vi), and no
more than one agent by, with a positive probability. This is so becaufatileast two of them do
the latter, both would have an incentive to mowe ghobability mass slightly higher, so increasing
their payoffs (the conditional probability of wimg would jump, and so would the payoff). If
exactly one agenthas a mass point at somel] (pr,vi), then no other agent would place density
immediately below that bid (it would be better towe that density above the mass point). But then
agenti would do strictly better by moving that mass ddsee Che and Gale, 1998: p. 645, Lemma
1, and Hillman and Riley, 1989: pp. 22-23, PropositL, for a formal proof). Thus, all equilibrium
cumulative distribution functiof;(b;) must be continuous op;(v;).

Now note that agent 1 can secure himself a paygpféletov; - v, > 0 by biddingo; = v» with
probability 1. It follows that his equilibrium steggy support cannot include [ {[0,p;) O (v2,v1)}.
Suppose that there is an ageatl who gets in equilibrium a positive expected fayhen it must
be the case that he bids> p, with probability 1 (he cannot neither bid zero bat p; with positive
probability, because otherwise he would get respelgta null and a negative payoff, while he
should be indifferent among all bids that belonghe support of his own equilibrium cumulative
distribution functionF;(ly)). And it must also be the case that his infimuch does coincides with
the infimum bid of agent 1, sdy, because otherwise at least one of them wouldagetgative
payoff by bidding his own infimum bid. In fact, weve found a contradiction, because even by
biddingb™ at least one of them must get a negative paylo# ¢onditional probability of winning is
zero). Thus no agent other than 1 can get a pesgayoff in the equilibrium, or big with a
positive probability.

In addition, any agent different from 1 bidding mdhanp, with a positive probability must

have an “infimum” bid 2 p;) not smaller thaity (otherwise he would get less than zero from that

11



bid), and at least one must d(otherwise it would pay to someone to move downesaensity).
Similarly, at least two agents must share the mawrinbid, sayb’, larger thanp, Let us now
suppose that two agents different from 1, jsagdh, bid more tham, with a positive probability. It

must then be the case that:

v, Proby( j win#bj =b)-b=v,N,F(b)-b=v,NF(b)-b, (A.1)

for anyb > p, belonging to the support of bo ) andFn([. This implies that, foall such &b:

R0 _ Vs "2
Fi) v, ’ '

which implies thatFn([) strictly first-order stochastically dominatéy([) if j < h. Let k the largest
agent number among those bidding in equilibrium entbranp, with positive probability. This
implies that the maximum bid larger thpnbelongs to the support of boi() andFy(Dl In turn,

this implies that:

v, Prob(k wingb, =b") =b* =y, F,(b") ~b" =v, -b* =0, (A.3)

but then by biddindp” with probability 1 agent 2 would get a positiveypt, unless bottk = 2 and
b" =v..

It follows that in equilibrium only agent 1 and Beaactive, with agent 1 using(b;) on a
support p,v2], while F»(by) possibly has support {O [b’,v]}. Since it must be the case that for any
b O[b",v2]:

V,F,(b)-b=0, v,F,(b)-b=v, -V, (A.4)

we can conclude th&t = py, thatFy(by) = 1 -vo/vy + by/vi has in fact the support {0 [pr,v2]}, and
that agent 1 usds;(b;) = by/v, on the supportg,vo]. Q.E.D.

Appendix 2
Proof of Proposition 2Since the density function of the joint distrilout of the first and second

order statistics (see Appendix 3 and e.g. Krisl2082: p. 267) oh independent draws fromd is
given by:
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g(Vl’VZ) = (n2 - n)(H (Vz )) i h(Vl)h(Vz)l (Vo,) (Vl) (A.5)

(wherelg(-) is the appropriate indicator functiorthe density function of;, conditional onv; is

given by:

g(v,.v,) _ h(w,)
n(n-1@A-H))H ) 2h(v,) 1-H(v,)

gu 2 (V1|V2 )= (A.6)

on the support b,v] (note that it does not depend am. Clearly, E{ p(v1i, V2, pn)}
=E,{ Evl‘vz{ P (v1, V2, pr)}}, with obvious notation for the previous expectasioNow consider, for

any givenp,, the functiort(Dt

h(v,)
1- H(Vz)
1-H(p)
"1-H (Vz)

[PV, Vs, P ) 2
t(Vzl pr) = Evl\vz{ﬁ(vl’VZ’ pr )} ="

dy, forv, = p,,
(A.7))
forv, < p,,

and note that it is continuous, and differentidbleanyp; # v,. Clearly,t(0] increases with respect
to v, if pr > Vo.

Now consider the cage < v, and compute the derivative

6t(V2 P,) I[ap(vl Vi ;) 1 +h(V2)ﬁ(V1,V2,pr)
ov, 1-H(v,) L-H(v,)]?

_ h(Vz)p(Vzi\/z’ P.)
1- H(Vz) '

Ih(v,)dv,
(A.8)

Then, by using the convexity qi (0] with respect ta;:

at(Vz pr) 1 Iap(v VZ pr)h( )dV (VZ)
) 1 1

T ho . jtz (=)o b ——)]h(vodvl ~h(v,)v;}

Vo

h(vz) 2N T
= (Vz { j Gty MW+ ) 1)Vj2 (i -vo)h(w)dv}  (A9)
Vo 1_ A(V,)

v, h(vy) o1 1A(v) _ h(v) _
I L 1-H(v ) " (2 2v2)[ I/1(v1)1—H(v2) 1= Vi‘VZ{vl G 2v2)( A(vl))}'

Vo

Thus Evl‘vz{p(vl, Vo)} is an everywhere increasing functionwfif the hazard rate is monotonic.

Finally, sinceGy(v,; n + 1) first-order stochastically dominat&s(v,; n) for any numbem of

13



bidders with independent valuations (Wh&évi; n) is the distribution function of;, i = 1,2, forn
draws from independent random variables: see Appefd any reduction i decreases the

expected revenue of the seliethe hazard rate ¢1(0)Jis monotonicQ.E.D.

Appendix 3

Consider the joint distribution of the first andcead order statistics af independent continuous

random variables/, j = 1, ..., n, whose distributions are indicated with(QJ) (F(Q is the

corresponding density function) on the common suppoVv ]. Clearly, Gi(v1) = l_l H'(v,), and

computation shows that:

H'(v) _

(. V,) = G(v)[ZH( 2]
G,(v,) = G(v)[zH( S~ (n-1)
6,(v,) = G(vl)zg((v )) (A.9)

009 260N

L hi(vp)h'(v)

g(vl,vz) = Gl(VZ)[iZ j#i Hi( )H j (V )

G,(X) -Gy (x) = G(X)[Z

]

]

H' ( X)
AU T, h”“_(vl) |
9 (vi; ) Z h'(v,)
o H i (Vl)

Note thatG;(v;; n) first-order stochastically dominat€g(vi;; m) for anyn >m, i = 1,2, and that Jis
an average of the differentAl/= (1 - H)/W whose weights are the values of the so-cakaerse
hazard rates weightg = W/H divided byS¢". Moreover, if the random variables are iid accogdi
to H andh, then 1/= (1 -H)/h andg;(vi; n + 1) even likelihood-ratio stochastically domirsge(V;;
n): see e.g. Krishna (2002: Appendix B) and ShakedZhanthikumar (1994: section 1.C).
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