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Abstract

An input is inferior if and only if an increase its price raisesall marginal
productivities. Asufficient condition for input inferiority under quasi-condgvof the
production function is then that there are incregsnarginal returns with respect to
the other input and a non-positive marginal prohtgt cross derivative. Thus,
contrary to widespread opinion, input “competitiees” is not needed. We discuss
these facts and illustrate them by introducing as<lof simple production function
functional forms. Our results suggest that theterise of inferior inputs is naturally
associated with increasing returns, and possibbgngthen the case for inferiority

considerably.
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1. INTRODUCTION

An “inferior” input is one the demand for which deases with output, at given prices. Clearly, this
feature is a property of the cost-minimizing “cdim@hal” demand systenx(w, y), wherex is a
vector ofn inputs whose positive prices are givenvgyandy indicates the output levélwe will
discuss the case for an inferior input by assuntivag the production functiog = f(x) is twice
differentiable, strictly increasing and (locallyyangly quasi-concave. Accordingly (see e.g. Avriel
et alii, 1988: paragraph 4.3), at any interior solux(l)l is differentiable, and inputis (locally)
inferior if and only ifxy = dx/dy < O.

In spite of its simple definition, the case for iferior input has not yet (as far as we know)
received a convincing interpretation in terms af tmderlying technology. For a given level of
output, at an interior solution the optimal inputxrwill equate the Marginal Rates of Technical
Substitution (MRTSs, which are given by the ratbsnarginal productivities) to the corresponding
price ratios. Accordingly, the question of the éxmee of an inferior input concerns the way these
rates change across isoquants (i.e., for changtdginutput level). It is easy to make a graphical
argument for inferiority in the two-input case (se=g. Katz and Rosen, 1998: chapter 10, Figure
10.16), but surprisingly difficult to relate it ppoperties of the production function.

However, it has long been known (see Hicks, 19%@pter VII, Samuelson, 1947, chapter IV, and
Puu, 1971) that, under (strong) concavity of thedpction function, an input is inferior if and only
if it is “regressive”, i.e., if a rise in its pridacreases the profit-maximizing level of outg(p, w),
wherep is the output price. The simple reason is thanant is inferior if and only if a rise in its
price decreases the marginal cost. This fact idyezstablished by Shephard’s Lemma, whereby the
derivative of the cost functioaw, y) with respect to input prices is equal to the dednaystem,

i.e., in matrix terms,
D,,c(w,y) = x(w,y) 1)
(the operatob stands for the set of first derivatives), and titusust be the case that
D,.c,(w,y) =D,x(w,y), 2

wherec, = dc/dy is marginal cost.

1 Formally, the case of an inferior consumption cadity, whose characteristic depends on the Hicksian
“compensated” demand systeh{p, u), whereh is a vector of goods whose prices are indicated agdu is a utility
index, is completely analogous: see e.g. Fished)L9
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The result given in (2) is a nontrivial implicatioof cost minimization. Its simple economic
intuition is that an increase in the price of apunwill actually raise the marginal cost if andyoth
that input | is not substituted away upon increasesutput. As a further consequence, under
(strong) concavity of the production function, mputs must be “normal” (that is, their demand
must increase with respect to output) if theyrate‘competitive”? i.e. if all the cross derivatives of
the production function are non-negative (techihycahis property is equivalent to the requirement
of supermodularity of the production function, if this is twice diffmtiable: see e.g. Quah, 2087).
This comes from the fact that the Jacobian of tleditamaximizing demand systenx (p, w), with

respect to input prices, is given by:
v —_ 1 2 v -1
D, X(p,W) _ED f(x(p,w)) ™, (3)

whereD%(x) is the Hessian of the production function anthe output price. Now, if all the off-
diagonal elements dd*([J are non-negative, a clear-cut conclusion conoertie substitutability
properties ofX (0 follows. In fact, it is well known that in thasse its invers®“f(* must be a
non-positive matrix (see e.g. Takayama, 1985: @raptand in particular Theorem 4.D.3, p. 393).
That is, according to terminology introduced by k$id1956), under concavity all inputs must be
gross p-complements (i.ed X /ow; < 0,i,j = 1, ...,n) if they are allgross g-complementsf{ =

2

3 >0,ij =1, ...,ni#], wherefj is the cross derivative of the production functwath respect
X X
i

to inputsi and)): see e.g. Bertoletti (2005).

Since
D, y(p,w) = Df (X(p,w))'D,, X(p,w), (4)

it follows that if no cross derivative of the margi products is negative, thé&hy() < 0 and no
input can be regressive. In other words, any regresnputj must have at least a grgssubstitute

(i.e., there must exist an inpusuch thaio x;/ow; > 0), otherwise the profit-maximizing level of

output could not increase. This result is ofterd Bmsome extent misleadingly, stated through the

2 According to Frisch (1965: p. 60) and Beattie dimylor (1985: p. 33), two inputs are “competitivié’the cross
second derivative of the production function wigspect to them is negative. However, they aregilsss g-substitutes
according to a terminology which dates back to Hifsee below), and are often referred to simplyriaal”: see e.g.
Epstein and Spiegel, 2000.

3 Notice that, in order to establish the case fbcahsumption goods to be normal, Leroux (1987)egeanditions on
the preferences sufficient to represent them byrcave utility function with positive cross derivats. Also see
Chipman (1977) and Quah (2007: Proposition 1, g)40
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assertion that a necessary but not sufficient ¢mmdior an input to be inferior is that (some) i
are competitive (see e.g. Epstein and Spiegel, :2B00position 1, p. 505). This assertion has
apparently shaped the search for technologiesetktaibit inferior inputs: see Epstein and Spiegel
(2000) and Weber (2001).

In the next section, we will discuss the conditidios obtaining an inferior input under the
assumption (which is standard for analyzing costimizing behavior) of bare (strong) quasi-
concavity of the production function. This weakesamption is necessary because we want to
focus on the case of increasing marginal returtégclwseems, as far as we know, to have attracted
no attention in the literature. Intuitively, an utgs inferior if at a larger productive scale litosild

be economically substituted. From (2), this canifmerpreted as requiring that the marginal
productivities ofall inputs be raised by an increase in the inferiouingice, subsequent to input
adjustment. We will illustrate the case for infeitip without “competitiveness” among inputs
(meaning negative cross derivatives of marginadpetivities) by considering a simple class of
additive functional forms for the production furmtiin the case of two inputs, with the normal
input (there must be at least one) exhibiting iasmeg marginal returns. The point we make also
applies to the case of many inputs, on conditiat the input with increasing returns enters the
production function additively, and in the two-inpase to any sign of the cross derivative under
certain restrictions. These results provide an esocally meaningful rationale for the existence of
inferior inputs, namely their association with tbgistence of increasing returns with respect to

another input, and suggest that the case for orfgricould be stronger than is commonly thought.

2. MARGINAL PRODUCTIVITIESAND INFERIORITY
Our starting point is the well-known identity:

W,

M 5
f, (x(w,y)) ©)

c,(w,y) =
i =1, ...,n, wheref; = 0f/0x is the marginal productivity of input Assume that inpytis (locally)
inferior and that its pricey; increases: the conditional demand system has p suzch that it
increasesll the marginal productivities. That is, the follogimecessary and sufficient condition

must hold:

4 For the sake of simplicity we assume an interadutson, i.e.,x > 0.
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D*f (x(w, y))d;x(w,y)=a>0, (6)

wheredix(w, y) = Dux(w,y)gdw; is the change in demand induced by an increasg inde is the

jth natural unit vector.

(6) provides a simple alternative explanation ofywm the case of (strong) concavity of the
production function, ifall cross derivatives of the production function ao@-megative no inferior

input can exist. In fact, in such a case (6) wdddequivalent to:

0
d, x(w,y) = D*f(x(w,y)"a< , (7)

which says that all the chang#s should be negative. But this is impossible, siheeoutput has to
remain constant, i.eDf'dix = 0. In fact, onenet p-substitute for inpuf ought to exisg that is, there
must be an input such thatx; = dx/ow; > 0 (again, see e.g. Bertoletti, 2005 for thisnieology).

An intuition for this result can be grasped by d¢degation of the two-input case. Clearly, in such a
setting, under decreasing marginal returns (anicagbn of concavity), the productivity of the
normal input substitute (whose use increases @ffterrise in the inferior input price) cannot

increase unless the production function cross deve is negative.

Before proceeding, let us briefly discuss the dasean inferior input under the perspective we are
considering. Is there any reason why we should @xfiee marginal productivities to decrease
monotonically with respect to prices (along thehpat the conditional demand system)? A cost-
minimizing behavior implies that the cost has gerafter an input price increase (or that the dutpu
that can be produced at a given cost should dexye&ut there seem to be no general argument
for expecting a rise imarginal cost too. When the price of a factor rises, ithaded decreases, and
this is compatible with either an increase or are®se in its so-called “weighted marginal
productivity” (the reciprocal of the right-hand-si@f (5)). According to (6), what happens to the
marginal productivities of theother inputs depends on the second order derivativeshef
production function and (endogenously) on their metbstitutability relationships with the input
whose price has increased. However, since the pates of these inputs (and thus the
corresponding MRTs) remain unchanged, their pradities must move together. Notice that, in
general, at least one nptsubstitute ought to exist for the input whose @riose, and to some
extent it would be natural to expect a decreasténproductivity of this input. However, as we

have seen above, even under concavity its prodtyctivight on the contrary increase, unless the

5 Unless there is no input substitutability at all.
6 This is one property of the so-called “indireadghuction function”: see e.g. Cornes (1992: sedhidr).
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cross derivatives of the production function atenah-negative. Besides this case, there is agtuall
a class of well-known technologies with the pregigualleged property. If the technology is
homothetic, it is easily seen that the marginat coproportional to the cost, and in particulaatth
the vectorD,c, and Dy,c are related by a positive scalar multiplicatiorowgver, as Toénu Puu
(1971: p. 243) wrote forty years ago: “[homotheyifi is assumed for mathematical simplicity in
exemplifications and in econometric applicatioremd “I cannot see anything to make the case [of

an inferior input} unlikely”.

Let us consider the special case in which thereoahg two inputs, and let us assume that the
inferior input is 1 (so that 2 is a normal inpufye can then uniquely characterize the differential

dix, since:

= _ hi(x(w, y))
dyx, (W, y) = (X, Y) dyx, (w,y) >0. (7)

Accordingly, condition (6) is equivalent to the ®ys:

{fn(x(w, Y)) - f1,(X(W, y»M} <0,

f, ((w.y))
fL (x(w, y»} <0
f,(x(w, y)) ’

(8)
{ fo (X(wW, y)) = T (X(W, y))

and it is easily interpreted as requiring thatrim@/ement along the relevant isoquant increases the
productivity of inputi, either “directly” throughdix;, or “indirectly” throughdyx; (i, ] = 1, 2,i #j). It

is equivalent to the condition that the elastisitoé the marginal products; = fijx/f;, are ordered in
such a way that; > &1 and&:; > &2 in other words, both inputs 1 and 2 have a lapgeportional
impact onf, than onf;. Notice that, in contrast, homotheticity requirst the sums of the
elasticities of each marginal product with resgecall inputs should be equal (i.&j&; should be

independent from), to keep the MRTSs constant with respect to aopgrtional input change.

Condition (8) can be written compactly as:

fi(x(w, y)) > f,(x(w,y)) > To(x(w, y)) f(x(w,y)). (8)

f \
22(X(W, y)) £,(x(w, ) f.(x(w,y))

7 Homogeneity in the original text.
8 Added to the original text.



Consider the relevant “iso-marginal-productivitynees” given by f; = constanti(= 1,2). Notice
that the curve of inputincreases if; andf; do not agree in sign, and that they are orthogibrigi

= 0 (this require$,, > 0 >f1; to satisfy (8’)). Geometrically, (8’) says thae#ie curves are (locally)
“steeper” than the isoquantfi is negative (see Puu, 1971: p. 247, Figure 2r¢hi®case in which
bothf;; andf,, are negative), and (locally) “flatter” if, is positive (see Figure 1 below for the case
in which f; > 0 >fy;). Also note that (8’) cannot hold under concavityassfi, is negative. But
even iff;, is non-negative, the existence of an inferior tngannot actually be ruled out if the other

input exhibits increasing marginal returns. In faatal (strong) quasi-concavity only requires that

f(x(w,y)) | £, (X(W, ) = foy (X(W, y))M >0. (9)

f21(X(WI y)) - f22(X(W’ y)) fZ(X(W, y)) fl(X(W, y))

Notice, however, that (9) implies that the secaretjuality in (8’) will be satisfied if the first tas.
This is summarized for the casetab inputs in the following Proposition 1 (under stgoguasi-

concavity of the production function).

PropPosITION1 (Necessary and sufficient conditions).Input i isinferior if and only if g; > §; (i Zj),

where g; = dnfi/dnx;.

As far as we know, Proposition 1 was first provedier (strong) concavity by Bilas and Massey
(1972), and by Bear (1972), who pointed out theineldncy of the conditiog; > & and noted that
the result applies to the case of (strong) quascaaty as welP. Here, we are interested in the fact
that the assumption of increasing (marginal) resumm the other input naturally satisfies the
requirement that a price increase raises margimatugtivities, if quasi-concavity can be

guaranteed. The following Proposition 2 summarizes.

ProPOSITION2 (Sufficient conditions).One input is inferior if there are strictly increasing returns

with respect to the other input and a non-positive marginal productivity cross derivative.

The intuition for Proposition 1 is simple: if arcinease in both inputs affects the productivity o€ o
input more than the other, it is impossible thatdlly) the “isocline” (that is, the locus of poixt
such that the MRTS is constant) curve is increagtog what concerns Proposition 2, simply notice
that if one input exhibits increasing returns, serin the price of the other input must raise its

9 Also see Rowe (1977): we are grateful for thederemaces to an anonymous Referee, who also codrebi
redundancy in our previous statement of Proposition
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productivity, unless the production function crossivative is positivé? To illustrate, consider the

following functional form for the production funot:11
g(x) =In(x, +1) +e* -1. (10)

g(lY is a strictly increasing, additive, (at leastjasvdifferentiable function which is also strongly
guasi-concave (but not concave) for positive ingudntities, withg(0) = 0. Notice that the MRTS

is given by:

9.0 _ 1 (11)
9,(x) (% +1e*’

and that as a consequence the isoclines invargddsease. Also notice that the strictly decreasing
isoquants intercept the horizontal axixat €’ — 1, where their slope &, and the vertical axis at
X2 = In(y + 1), with slopey + 1. A typical isoquant is depicted in Figure @ether with an interior
solution and the relevant isocline. At any intesofutioni? the conditional demand system moves
continuously along the relevant isoquant for changehe input price ratio, and along the relevant
isocline for changes in the output level, thus gamhg that input 1 is inferior. Of course, the

marginal cost will decrease with respect to output.

Finally, notice that while complexity is compoundédthe cross derivatives of the marginal
productivities are not null, a continuity argumeatiows sufficiently small cross derivatives any

given sign not to alter the previous results. In other woidput competitiveness is by no means
necessary to produce input inferiority (formally, the valigliof the contrary result that can be found
e.g. in Bear, 1972: pp. 412-3, does not extend fthenconcavity case to quasi-concavity). For

example, it is easy to see that the functional form
g(x) =In(x, +1) +e*(x, +1) -1, (12)

which generalizes (10) to the case of a strictlgifpee cross derivative, does indeed satisfy both
conditions (8’) and (9).

10 It is worth noticing that Bear (1972: pp. 410-41i) his geometric interpretation, overlooks thetfthat, under
inferiority, both the marginal productivitie®ed to rise along the output expansion path.

111t is not difficult to find other production furions with properties similar to those @it r(x) = x,% + %% 1 >a >

0, is one instance, and anothep(s) = Inx, + /2.

12 This requires 1+ 1) >wy/w, > e Y. Thus, for level of output sufficiently small, iapl (the only input to be used) is
locally a normal input.
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Let us now return to the caserof 2. Again, let us assume that the productiontionds additive,

and that at an interior solution at which the pidn function is (locally) quasi-concave there is
oné3 input with increasing marginal returns. Now letsugppose that the price of this factor, say
input 2, rises, thereby decreasing its marginatipetivity and raising the marginal cost. Call input
1 a netp-substitute of input 2: the former input must b&eror, since when its price increases it
symmetrically increases the demand for input 2itsydroductivity. Thus, at least one inferior input

will exist in the given case. Moreover, for an do@i production function it must be that4(j):

Cyy (W, y) f (X (W, Y))
c, (w,y) i (x (w, y)) ,
Xy (W, Y)X;, (W, y)
Cyy (W, Y)

Xiy (Wl y) ==
(13)

X; (W, y) = ,
wherec,y, = dc,/dy, as can easily be proved by differentiation of idhentity (5). It follows that in
fact all the inputs with decreasing marginal resuwill be inferior, nep-substitutes with respect to
2 (e, x4 > 0,] # 2) and netp-complements each others (i.8j,< 0,1, ] # 2). Notice that the
marginal cost must decrease with respect to ougnd,that conditions (6) are a fortiori satisfied

wheneverdw; > 0,] # 2.

Now note that the previous arguments for the emcseof inferior inputs generalize to the case in

which the production function is additive excluswevith respect to the input that exhibits

increasing returns, i.e., to the case in whigh = f 2 (x) + f ?(x2), wherex., is the vector of all

inputs but 2 andf 2 (%) > 0 (whereby the results given by (12) holdifer2). This is stated in the

following Proposition 3 (under strong quasi-contawff the production function).

PrRoOPOSITION3 (Sufficient conditions).If there are strictly increasing returns with respect to an
input which enters additively the production function, all the other inputs are inferior.

In summary, the ngi-substitute of an input exhibiting increasing maegireturngends (it depends
on the cross derivatives of the production fungtiimnbe an inferior input. Accordingly, our results
have uncovered an association between the existeih@aferior inputs and that of increasing
returns. We additionally observe that it would keunal to think of an additive technology as
referring to the use of many different plants bg firm. Indeed, our results apply to the case in

which a single firm owns plants, and each quantityis actually internally produced at planiy

13 At an interior solution, to satisfy local quasiacavity of the production function under additivithere can be but
one input exhibiting increasing returns.
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means ofn inputsZ within a sub-production function = h'(Z), where eact'(l)] is monotonically
increasing, concave and linearly homogenous (acuglgd an appropriate version of “two-stage
budgeting” applies, with the “price” of inputbeing computable as a well-defined index of zhe
prices: see e.g. Deaton and Muellbauer, 1980:m@eét2). Following such an interpretation, let us
suppose that there is a single plamnthere the outpuwy is produced by means gfwith increasing
(marginal) returns, while all the others exhibitdgsing returns at the plant level. An increase in
total output will then be associated with a deaemsthe production in the latter plants, whose
underlying inputs are inferior if the ones usedhe former plant are specific to it. Thus, in our
examples it is the occurrence of increasing rettinas as output increases, creates an opportunity

for input substitution.

We conclude this section by reminding the attentader that any twice-differentiable, strong
guasi-concave functiof()] is a so-called “transconcave” entity, i.e., indae transformed into a
concave function by means of a monotonically insirgg function of one variabl&(0: see e.g.
Auvriel et alii (1988: Theorem 8.25, p. 278). Thasgglies that our production functions (10) and (12)
are concavifiable, and that their concavized vesieould then be used to describe profit-
maximizing behavior that exhibits regressive inp(a$ course, the process of concavification
would generate negative cross derivatives for tieelyction functionF(x) = G(f(x)). What matters
more is that our “increasing returns story” woulidl apply to the inner productive stage described
by f(0), while G() could then be interpreted as an outer stageaafyation that exhibits decreasing
(marginal) returns. Notice that, conversely, witl{t&o-input) concave technology exhibiting an
inferior input as a starting point, one should 3lsvdbe able to de-concavize it by taking a
monotonically increasing convex transformation bk tassociate production function. While
preserving both its quasi-concavity and the satigia of (8’), this operation will leave increasing
marginal returns with respect to the normal inpuémerge once the second order cross derivative
of the resulting production function is turned froegative into positive.

3. CONCLUDING REMARKS

In this note we have revisited the case for thaterce of inferior inputs. We have argued that to
assume the underlying technology is concave, aomsmon in the literature, is restrictive and

possibly misleading? In particular, by assuming bare (strong) quasiewity of the underlying

141n a fine paper that anticipated some of our ayus) Puu (1971: pp. 243-4) was apparently lechbyassumption
of concavity to suggest that inferiority could bgpected by inputs used at a plant exhibitingreasing returns: “As to
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technology, we have shown that inferior inputs dugh exist if the underlying technology is
additive with respect tanother input exhibiting increasing marginal returns (aulé which admits
an interpretation in terms of returns to scalenatlant level): see Proposition 3 above. In the-tw
input case, we have similarly shown that a negatress derivative of the production function is
sufficient, but not necessary, to make an inpugriof if there are increasing marginal returns with
respect to the other (see Propositions 1 and 2egbég a corollary to these results, we can assert
that competitiveness among inputs is not neededelboer input inferiority. Thus, in addition to
presenting a class of (simple) functional formst teehibit inferior inputs (according to Weber,
2001, only a few examples were already known in litegature), we have uncovered what we
believe to be a novel and economically meaningkdson for their existence, namely their
association with the presence of increasing retuwle believe that this should considerably
strengthen the case for inferiority, which is widkeéld to be dubious: see e.g. Cowell (2005: p. 32)

Let us now return to the correspondence betweemtegority of inputs and of consumption goods
(see footnotes 1 and 2 above). It is an interegiargdox that while they are formally identicak th
latter seem to be much more popular (see any ndormenic textbook, in which the case of
inferior inputs is usually not even mentionégMoreover, the paradox deepens if one considers
that to provide an intuitive economic explanatidntlte existence of aormal commaodity, it is
necessary to refer to the somehow exotic resultahese of its price decreases the marginal wtilit
of income,with utility held constant: see Fisher (1990@%.The point is, of course, that in production
theory the reciprocal of the latter quantity is Melown as the marginal cost. In particular, notice
that in consumption theory inferior commodities amally but informally interpreted as “low-
quality goods” (see e.g. Varian, 1996: p. 96: “eplen might include gruel [ ... ], or nearly any
kind of low-quality good.”). Our results, which a¢é the input substitution associated to inferyorit
to the existence of increasing returns, appeardweige only a partial support to the extensionhaf t
previous interpretation (inferior inputs as “poawputs”, e.g. some kind of unskilled work) to

production theory.

the presence of factor inferiority in reality, thhenomenon probably may be encountered when aofsenates several
plants simultaneously. [...] An increase of totalpuitwill in such a case be combined with a decredggoduction in

the plant with decreasing marginal cost. If thereame factor which is employed especially integlgiin this plant, it

is reasonable to expect that total demand factbdecrease as total production is increased.”

15 For example, Varian (1990) does not refer to inpiiériority, while Varian (1992: chapter 5, exei5.12)

considers it in an exercise.

16 Fisher (1990: p. 433): “Having said this, | comsfabat | can give no intuitive explanation for tfaet that the

Corollary speaks in terms of the effects of priterges on the marginal utility of income wittility rather than

income held constant.”. Italics derive from the origimexkt.
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Finally, we have to mention that, as we discovefidr having completed the first draft of this
paper, although the property of the additive tetbgy we exploited in the previous section is
already known in consumer theory, it is consideraty peculiar” (Deaton and Muellbauer, 1980:
section 5.3) or even “clearly pathological” (Bar@md Bohn, 1982: section 15), apparently because
strictly speaking it implies that only one commgditill be normal. However, we cannot see any
special difficulty in our production story of plantvith different returns to scale. In particulahile

it corresponds to economic commonsense that atirdagior solution only a single plant with
increasing returns is operated, notice that theme actually be many normal inputs (all those
uniquely associated to that plaht)Might this be yet another instance of the aforeteed
paradox?

REFERENCES

Avriel, M., W.E. Diewert, S. Schaible and |. ZantQ88, Generalized Concavity, New York:
Plenum Press.

Barten, A.P. and V. Bohn, 1982, Consumer theongp@dr 9 in K.J. Arrow and M.D. Intriligator
(Eds.)Handbook of Mathematical Economics, Vol. 1l, Amsterdam: North-Holland, pp. 381-430.

Bear, D.V.T., 1972, A further note on factor interty, Southern Economic Journal 38, pp. 409-
413.

Beattie, B.R. and C.R. Taylor, 198He Economics of Production, New York: Wiley & Sons.

Bertoletti, P., 2005, Elasticities of substituti@md complementarity: A synthesidournal of
Productivity Analysis 24, 183-196.

Bilas, R.A. and F.A. Massey, 1972, A note on faateriority, Southern Economic Journal 38, pp.
407-408.

Chipman, J.S., 1977, An empirical implication of shitz-Lieben-Edgeworth-Pareto
complementarityJournal of Economic Theory 14, 228-231.

Cornes, R., 199Duality and Modern Economics, Cambridge (UK): Cambridge University Press.

Cowell, F., 2006Microeconomics. Principles and Analysis, Oxford: Oxford University Press.

Deaton, A. and J. Muellbauer, 198H¢conomics and Consumer Behavior, Cambridge (UK):

Cambridge University Press.

17 Quoting Green’s concluding remark seems worthw(dig61: p. 136): “the implication of the alternaigssumption
[one good exhibiting increasing marginal utilitydesns scarcely credible. But any tests of the hygsishof a utility
function additive in terms of groups of commoditiesist, of course, also be greatly influenced byeméavork on
‘utility trees’.”. Parenthesis added to the oriditext.

12



Epstein, G.S. and U. Spiegel, 2000, A productiarcfion with an inferior inputThe Manchester
School 68, 503-515.

Fisher, F., 1990, Normal goods and the expendituretion, Journal of Economic Theory 51, 431-
433.

Frisch, R., 1965Theory of Production, Dordrecht-Holland: D. Reidel Publishing Company.

Green, H.A.J., 1961, Direct additivity and consusheehaviourOxford Economic Papers 13, 132-
136.

Hicks, J.R., 1946Value and Capital, 2" Edition, Oxford: Clarendon Press.

Hicks, J.R., 19564 Revision of Demand Theory, Oxford: Oxford University Press.

Katz, M.L. and H.S. Rosen, 1998jcroeconomics, 3¢ Edition, New York: McGraw-Hill.

Leroux, A., 1987, Preferences and normal goods:ufficeent condition, Journal of Economic
Theory 43, 192-199.

Puu, T., 1971, Some comments on “inferior’ (regkess inputs, The Swedish Journal of
Economics 73, 241-251.

Quah, J.K.-H, 2007, The comparative statics of taimsed optimization problem&conometrica
75, 401-431.

Rowe, J.W. Jr., 1977, Some further comments ontiolassification,The Scandinavian Journal of
Economics 79, 488-496.

Samuelson, P.A., 194Foundations of Economic Analysis, Cambridge (MA): Harvard University
Press.

Takayama, A., 1983iathematical Economics, Cambridge (UK): Cambridge University Press.

Varian, H.R., 1996|ntermediate Microeconomics. A Modern Approach, 4" Edition, New York:
W.W. Norton & Company.

Varian, H.R., 1992Microeconomic Analysis, 3 Edition, New York: W.W. Norton & Company.

Weber, C.E., 2001, A production function with afenor input: CommentThe Manchester School

69, 616-622.

13



X,

' fl(X) - k]_

fx)=y

Xy
Figure 1. Isoquant and iso-margingloductivity curves
the case with;, > 0 andf,, >0 >f;4.
X,
In(y + 1) 1
(x +1) expx,

-—-
—— -
-

c(w,y)/w, e-1 X
Figure 2: Isoquant, isocline and optimal input choice toeg(l) p.f.
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