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LIKELIHOOD FUNCTION

Choosing parameter values that make what one has observed more
likely to occur than any other parameter values do.
Assumption(Distribution) The pair {U, V'} is a random variable
and the N variables

{({U,V1),...,(Un,VN)}

are i.i.d. random sample of (U, V).

Fyv (ulv; 6p) is completely known but 6y (true value of the
real-valued parameter vector) is unknown, 6 € R,
Support of Fyyy is S(6p)

ZuES(QO) f(ulv; 8g) if U discrete

/ dFU|V(’U,”U;HO) =1 = | |
fS(eo) f(u|v;0p)du  if U continuous

S(6o)
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LIKELIHOOD FUNCTION

Probability function for (Uy,...,Un)|(V1,...,VN)

N
[ [ f(uslve; 60)
t=1

Normal Linear Regression: y; = x,3, + €, (¢, X¢) 1.i.d. normal

Ut = Yty UV = Xy

f(ut|’Ut;90) —

1 I
exp [_ (Y }(275/80)]
\/27‘('0'(2) 200
S(6y) = R. Since the obs are i.i.d. normal. The conditional p.d.f. of

the sample is

N
H f(ug|vg; o) = [2%08

t=1

}—N/2 exp [_ (y — Xﬁo)/(y — Xﬁo)

2
200
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LIKELIHOOD FUNCTION

The marginal distribution of x; does not depend on 8.

Student’s t Linear Regression

Y — X%Bo |Xt
o)

~ 1,

0

Cl(vo+1)/2] 1 (ye — %} B,)2] W0t/
1+ 5

[(vg/2) /Wyogg Voo§

f(ut|”Ut; 90) —
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LIKELIHOOD FUNCTION

Laplace Linear Regression

1 _x!
f(ut|vt;02) = eXp_\@‘yt 80l

\/20(2) o)

U = Y, V = Xt, S(H()) = R, 90 = [,36,0’8]/.

We can obtain

h(80) = Elg(u)] = / g(u)dF (u; 6,)

h(v; 80) = Elg(U, V)|V = v] = /g(u,’v)dF(U\’v; 6o)
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THE LIKELIHOOD FUNCTION

Unconditional specification: f(u;@) describes the likely values of
every r.v. Us,t =1,2..., N for a specific value of 0.

The sample likelihood function treats the u argument as given and 6
as variable.

It describes the likely values of the unknown 68, given the realizations
of the r.v. U.

The likelihood function of @ for a random variable U with p.f.
F(u;0y) is defined to be

[(0;U) = f(u;0)
L(O;U) =logl(6;U)
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THE LIKELIHOOD FUNCTION

Likelihood function: we evaluate the p.f. at a random variable and

consider the result as a function of the variable 6:

N
L(O;Uy,...,Uy) = log [H f(U; 0

N
ZL (0; U)
t=1

The conditional likelithood function of 8 for a r.v. U with p.f.
f(ulv; Bg) given the r.v. V is

1(0,U|V) = f(ulv; 0)
L(6; U|V) = log1(6; U|V)

0, € ©, O parameter space, the set of permitted values of the model.
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DOMINANCE CONDITION

Assumption (Dominance condition)

E lsup |L(6; U]V)|] exists.
0co

This means that |L(@;U|V)| is dominated by

h(U,V) = sup |L(6;U|V)]
0co
where h(U, V) does not depend on 6.
The existence of E[h(U)] implies the existence of E[L(0;U|V)],
0 cO.
Lemma. If L(0;U|V) is the conditional log-likelihood for 6, the
Dominance condition holds, then

ELO; UV)|V] < E|L(6o; U|V)|V].
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EXPECTED LOG-LIKELIHOOD INEQUALITY

Unconditional case:
E[L(60;U)] > E[L(6;U)]

The specification of p.f. of U determines expected values of functions
of U.
Therefore

Q(6,60) = E[L(6;U)]

which depends on @ because the L does and depends on 6y because
() is the expected value of a function of U. The expected
loglikelihood inequality states that

Q(Go, 90) — %fleaéi Q(H, 90)
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NORMAL LINEAR REGRESSION MODEL

Yt|X¢ ~ N(X;:Bm ‘7(2))

1 El(y: — x,8)%|x
E{L(0, ye|xt)|x:] = — 7 log (2702) — [ 20;@ x|
1
==3 log (2702 +

LBy - x; 8y + %18y — x;0)%|x]

2 o
1 2 - R 2
== 3 log (2m0?) + % T (XtBQ Xt50)
o

which is uniquely maximized at x;3 = x}3, and 0? = o3.
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NORMAL LINEAR REGRESSION MODEL

The conditional expectation of the conditional log-likelihood of the

entire sample is the sum of such terms

BL(0:yX)[X] = — > log (2n0*) — 20+ (8 B/ XX(B ~ o)

which is uniquely maximized at 3 = By, X8 = X8, and ¢* = o} if

X is full-column rank.
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STUDENT T LINEAR REGRESSION

The expected log-likelihood is analytically intractable. We show that
E[L(0;U|V)] exists, for vy > 2, because the concavity of the

logarithmic function

log (1 + 2%) < 27

UES L | LS L

Vo2 Vo2

E llog [1 +

.

w0k + (<8, — X8’
vo?(vy — 2)

provided that E[x;x}] exists, the expected log-lik exists.
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UNCONDITIONAL INEQUALITY

The expected log-likelihood inequality implies the unconditional

inequality

E[L(O;U|V)| < E[L(0y;U|V)]
starting from

E|L(O;U|V)|V]| < E[L(Bg; U|V)|V]

we can take the E[-] over V

E[L(6;U|V)| = EEL6; U|V)|V]]
< E|E|L(6o; U|V)|V]]

= E[L(0p; U|V)]
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THE ML ESTIMATOR

Because 6y maximizes E|L(0;U|V)] it is natural to construct an
estimator of Oy from the value of 8 that maximizes the sample: the
average log-likelihood functions of the N observations

% ZL(Q; Ui|Vi) = En[L(0; U|V)]

E[L(6:U|V)] = / L(6; u|v)dF (ulv; 6)

ML estimator: the MLE is a value of the parameter vector that

maximizes the sample average log-lik function

On = arg max En[L(0)]
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NORMAL LINEAR REGRESSION MODEL

The empirical expectation of the log-likelihood

B [L(68)] = —2 log (2n0?) — Il xiB)
L (v — X8)'(y — XB)/N

_ 2
=3 log (2mo”) — 503

The log-lik is differentiable. F.O.C’s:

Ex[Lp(6)) = — Exlx(y — x,6)

= X'y - XB)
En|Lo2(0)] = 204{0 — En[(y: = xi8)°]}
= |- - X8) (v - XP)
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NORMAL LINEAR REGRESSION MODEL

Solutions:

1 , ~
N&2 [X (y o X,B)] =0

B=(XX)"'X"y

The MLE of o2 is

5 — = (y - XB)'(y - XB)

N
with
A~~~
N - K
— % =~ s°

The Hessian matrix:

1~ X' (y—XpB)
EvlLoo®) = | Dhm 4 L T
o e\ 204_06N(y_X’6) (y_XB>
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NORMAL LINEAR REGRESSION MODEL

ExlLoo@)] = | ~7REX - X R
N 66 — _~ Ay ~ ~
T s ;‘f]l?/) = 2%4 - 361]\[ (y —XB)'(y — XP) |
[ -exx 0
L w1 — sy (Y — XB) (y - XB)

which is negative definite.
The second-order necessary condition for a point to be the local
maximum of a twice continuously differentiable function is that the

Hessian be negative semidefinite at the point.
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IDENTIFICATION

Is the DGP sufficiently informative about the parameters of the
model? If

fulv; 80) = f(ulv;01)

data drawn from these two distributions will have the same sampling
properties. There is no way to distinguish whether 8 = 6@, or 6 = 0.
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(GLOBAL IDENTIFICATION

The parameter g is globally identified in © if, for every 61 € O,
0y # 61, implies that

Prif(U|V;6o) # f(U[V;01)} >0

Assumption (Global identification): Every parameter vector 8y € ©
is globally identified.
Lemma (Strict expected log-likelihood inequality): Under the

Distribution, Dominance and Global identification assumptions:
0 #£ 0
implies

E[L(0)] < E[L(60)].
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EXAMPLE

Exact multicollinearity among explanatory variables in a linear
regression F|y|X] = X3, is a failure of global identification.
If rank(X) < K then

E[L(8)] < E[L(89)]

still holds. The normal log-likelihood still attains its maximum in 3

at B, because

—(B—B)'X'X(B—B) <0

but inequality is not strict for all 3 # 3.
If rank(X) = K then 3, is the unique maximum of E[L(0)].
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EXAMPLE

Identification concerns E[L(0)] and not the En[L(0)].
One can discover failures of identification in the sample log-likelihood.
But if a sample log-likelihood function fails to have a unique global

maximum this does not always imply a failure of global identification.
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EXAMPLE

Exact multicollinearity among explanatory variables in a LRM
Ely|X] = X8,

is a failure of global identification. Note that if
rank(X) < K

the expected log-likelihood inequality
E|L(6)] < E[L(60)]

still holds.
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DIFFERENTIABILITY

When the support of the distribution depends on the unknown
parameter values the MLE cannot be found with simple calculus.
In such cases the log-lik cannot be differentiable everywhere in the
parameter space.

Assumption (Differentiability): The p.f. f(u|v;0) is twice
continuously differentiable in 8,V0 € ©. The S(0) does not depend
on @, and differentiation and integration are interchangeable in the

sense that
0 0
= /dF(u]v 0)= [ ~sdF(ulv:6)
S(6) S(6)
— /dF ul|v; 9) / —dF (ulv; )
00
S(6) S(6)
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DIFFERENTIABILITY

OE[L(9)|V = v] OL()
90 =B [ 50 ‘V - “]
S2E[L(O)|V = v] 52L(6)
5006’ =& [ 9000 |\ = ”]

The interchange of differentiation and integration is ensured in part

by S(8) = S.

0y = arg max E[L(09)]

translates into the conditions
OF[L(0)]

50 =0

60=0,

and the second order conditions that the Hessian matrix
O°E[L(0)]
0006’

is a n.d. matrix.
0=0,
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THE SCORE FUNCTION

The MLE 8 is an implicit function of the data u

0 = arg max En[L(0)] € arg zerogco En|[Lo(0)]
C

The F.O.C. Normal equations or likelithood equations

P

En[Le(0)] =0

where the score function

IL(6)

Lo = 229
= 90

0 must be calculated by numerical methods for maximizing

differentiable functions.
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SCORE IDENTITY

Lemma (Score identity): Under Distribution and Differentiability

assumptions
E[Lg(09)|V =v] =0

Proof: Continuous random variables case

1:/dF(u\v;9):/f(u|v;0)du
S

S
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SCORE IDENTITY

we can differentiate both sides of this equality w.r.t.

0
0 = /8—9f(u\fv;0)du
S

= /fg(u|v; 0)du
S

1
— S/ o 0) fo(u|v; 0) f (u|v; 0)du

consider

1
(ulv; 0)

Lo(6;U|V) = 7 fo(ulv; 0)

BLo(O:UIV)IV =] = [ s fo(ulo: 0)f (ulv: 60)d
S
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SCORE IDENTITY

The E[-|V =] is evaluated at 8 = 6. For 8 # 0
E|Le(0;U|V)|V =] #0

But if @ = 0, then

1
(u]v; o)

ElLo(60: UV)|V =1l = [ .
S

fe(U|’U; Ho)f(U\’U; Ho)du = 0.
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SCORE IDENTITY

In the Normal Linear Regression Model

ElLp(0)] = 5 Elxxi)(8, — B)

1

BlLy2(6)] = — o (0% = {08 + El(xi, — x/8)"]})

Eduardo Rossi © - Econometria finanziaria 2010 29



THE INFORMATION MATRIX

If there exists 0 such that
En[Le(6x)] =0

we must check that we have a global maximum. Otherwise our
solution cannot be the MLE (0y).

In general, a sufficient condition for Oy to be a local maximum is
that the Hessian matrix
0*En[L(6)]

En[Loo(0n)]
0000’ 0—3

evaluated at @y is negative definite: Ve € RE ¢ # 0
C,EN[LQQ(EN)]C <0

it guarantees that En[L(0)] is strictly concave in a neighborhood of
6.
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INFORMATION MATRIX

We investigate the second-order conditions for the maximum of

E[L(6)].

Assumption (Finite Information): Var|[Lg(68y)] exists.

Lemma (Information Identity): Under Distribution, Differentiability,
Finite Information assumptions

E[Lg@(@o)"/ = U] = —VGT[L9(90)|V = U]

and this matrix is negative semidefinite.
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INFORMATION MATRIX

Proof:

o;/idammﬂmMmmb

S

Differentiating both sides

D(Lo(0)f(0) OLo, . Of
R AT
= Loof + Lo(feg)

= (Lgo + LoLy)f
f = flulv; 9).

0— / (Loo (8 ulv) + Lo (8; ulv) Lo (6; ulv)'|dF (ulv; )
S
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INFORMATION MATRIX

/ng(e u|v)dF (ulv: 0) /Lg (0: ulv) Lo (0: ulv)|dF (u|v; 0)
S S

Setting 0 = 90

E[Lg@(@o; U|V)’V = ’U] — —E[Lg(@o; U’V)LQ(HO; U|V)/|V — ’U]
= —Var[Lg(0g; U|V)|V = v]

because E|Lg(0o;U|V)|V] = 0. The Hessian is negative semidefinite

since is the negative of a variance matrix.
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CONDITIONAL INFORMATION

The conditional variance matriz of the score vector Lg(0;U|V) given
V = v and evaluated at 0

3(90”0) = E[LQ(HO)LQ(HO)/’V = ’U] = VCLT[LQ(HO)’V = ’U]

we can always find the conditional information matriz function

3(6]v) = / Lo (0: ulv) Lo (8: ulv) dF (ulv: )
S
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POPULATION INFORMATION

The marginal expectation
J(0y) = E[Le(0;U|V)Lg(0;U|V)]

is the population information matrix.
The population information matrix is the unconditional variance

matrix of the conditional score vector because

ElLg(00;UV)|V] =0

Var[Le(00;U|V)] = E[Var|[Le(8o; U|V)|] + Var[E[Le(8o; U|V)]|V]
= E[3(00|V)] = 3(60)
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NORMAL LINEAR REGRESSION MODEL

The conditional information matrix for the normal linear regression

model:

I(Bolx¢) =

1 /
-7 Xt Xy 0

0

The Hessian of the conditional normal regression log-likelihood

function

Loo(0;y:|x:) =

1

o2

XX — 1% (ye —x;3)

_ﬁ(yt — X3 8)x; ﬁ — (Y — X%ﬁ)2/06

—E[Lgo(00; yi|x¢)|V] = T (Op|x¢)
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NONSIGULAR INFORMATION

It is possible that information matrix can be singular even 0 is
globally identifiable and the expected log-lik is uniquely maximized
at 90.

The second order condition that the Hessian be negative
definite is sufficient but not necessary for a local maximum.

We assume this condition explicitly.

Assumption (Nonsingular Information) The information matrix

J(6p) is nonsingular for all possible 8y € ©.
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THE CRAMER - RAO LOWER BOUND

Information matrix: measure of how much we can learn about 8
from the random sample {(Uy,V7),..., (Un,VN)}.
Theorem: 6 unbiased estimator of 8, with finite variance matrix

with interchangeability between differentiation and integration

E[flvi,...,on] _ a/
0 dF . 0
S

:/ 800 HdF ut|vt,90)
S

if Distribution, Differentiability, Finite Information Nonsingularity

assumptions also hold then that for any a € R¥

a'Var[@lvla > a’ (NEx[I(00)|v]) ' a.
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THE CRAMER - RAO LOWER BOUND

In some cases we can find estimators with variances equal to the
Cramér-Rao lower bound.
The OLS estimator 3 is efficient relative to all unbiased estimators of

Bo-
Proof: Using

i Ix.x 0 ]
j(eo‘xt) _ o‘% tt
0 1
i 205
1 / 11 i i
—(X'X 0 o2 (X'X 0
0 N 0 29,
_ 201 v

because
Var[8|X] = ¢2(X'X) !

The OLS/MLE estimator attains the Cramér-Rao lower bound.
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