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BEVERIDGE NELSON DECOMPOSITION

Integrated variables exhibit a systematic variation. But the variation
is hardly predictable, though the variation is systematic. This type of
variation is called stochastic trend. On the other hand trends which

are completely predictable are known as deterministic trends.

Beveridge and Nelson (1981) show that any ARIMA (p,1,q) model
can be represented as a stochastic trend plus a stationary component.
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UNIVARIATE BEVERIDGE-NELSON DECOMPOSITION

ARIMA (p,1,q) model, Wold representation
Ay =9 (L) &

Ay ={¢ (1) + [ (L) =¥ (D]} &

we can show that

b (L) =y (1) =9" (L) (1 - L)
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UNIVARIATE BEVERIDGE-NELSON DECOMPOSITION

¥* (L) has no roots inside or on the unit circle: |¢* (z)| =0, |z| > 1.

vy = Y1+ Q)+ (L)(1—L)}e

v = Y1+ (1) e +9Y* (L) Aey
recursive substitution

Yy = Y2+ (1)1 + 9" (L) Agrq

y1 = Yo+v(1)er +¢° (L) Aeq
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UNIVARIATE BEVERIDGE-NELSON DECOMPOSITION

ye=yo+ (1)) e+ (L)) Aeg
s=1 s=1

‘ ‘ l t—1
E Ass:AE 5825 ES—E Es = €
s=1 s=1 s=1 s=0

assuming €g = 0. The final expression is
t
ye=yo+¢ (1)) e+ (L)e
s=1

E (yt) = yo
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UNIVARIATE BEVERIDGE-NELSON DECOMPOSITION

¢ Permanent component: 1 (1) 2221 es. All the past

innovations enter in the permanent component.

e Transitory component: * (L) e;.
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UNIVARIATE BEVERIDGE-NELSON DECOMPOSITION

When there is a deterministic trend, with yg = ¢g = 0:

Ayr =b+ (L) e

t
ye=bt+ (1)) e+ (L) e
s=1

e Deterministic trend: bt

e Stochastic Trend: 1 (1) Zizl es. The stochastic trend
incorporates all the random shocks (g1 to ;) that have

permanent effects on the level of y;.

e Transitory component: * (L) &;.
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EXAMPLE

ARIMA (0,1,1) model with drift
Ay =b+er + 1611
ee ~WN
Yo=¢o =0
Yt = Yi—1 b+ e + 16
Yt = (Yt—2 + b+ &1+ Y180 2) + b+ e + 1611

t t—1
ye=bt+ ) e+ ) e
s=1 s=1

t

ye =bt+ (14+141) Y e — ey

s=1
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EXAMPLE

e Deterministic trend: bt, (DTy)
e Stochastic Trend: (1 4+v1)3 . _, s, (ST})
e Transitory component: —&;.

The permanent component is the stochastic trend plus the

deterministic trend:

yf — DTt + STt
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EXAMPLE

the permanent component of y; is a random walk with drift:

t
y, = bt+(1 +¢1)Z€s
s=1

= b+b(t—1)+ 1+¢1§:@ (1+)e

= b+yl +(1+91)e
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MULTIVARIATE BEVERIDGE NELSON DECOMPOSITION

Ay, =W (L) gy
yris (n x 1). e ~ VWN.
W (1) %0
Aye = [ (L)~ ¥ (1) + ¥ (1)«
U (L) —-v(1)=9*"(L)A
W* (L) with roots outside the unit circle,

(L) —w(1)
A

Ay, =W (L) Ay + P (1) gy

" (L) =
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MULTIVARIATE BEVERIDGE NELSON DECOMPOSITION

Ve =Vi-1 + P (L) Ay + ¥ (1) gy

Recursive substitution with yg =0, ¢g = 0:

yi = Yo+ VP (L)Aci 1+ P (1)er1 +P* (L) Ay + ¥ (1) &
Yt =
t t
yi = Yo+ ¥ (L)AY e, +¥ (1)) e,
s=1 s=1
t t
ye = W(L)A) e, +¥ (1)) e
s=1 s=1
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MULTIVARIATE BEVERIDGE NELSON DECOMPOSITION

t
AZ&:S — Ac; + Agp_ 1+ ...+ Ay = &
s=1
t
ye=W (1)) e+ ¥ (L)
s=1
U(l)#A0 rank(¥(1))=n-—r

v (1) Z €s : permanent component (stochastic trend)

¥* (L)e; : transitory component
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SPURIOUS REGRESSIONS

Consider two uncorrelated random walk processes

Y = Y1 + U Up 1.1.d. (O, O'i)

Ty = Xp_1 T+ VU Vg~ 1.1.d. <O, O'g)

where u; and v; are assumed to be serially uncorrelated as well as

mutually uncorrelated. Consider the regression

Yyt = Bo + 1zt + €4

since vy, x; are uncorrelated rw processes, we would expect the R?
from this regression would tend to zero. However, this is not the
case. The parameter 5, detects correlation and Yule (1927) showed
that spurious correlation can persist even in large samples in
nonstationary time series. If the two series are growing over time,
they can be correlated even if the increments in each series are

uncorrelated.

Eduardo Rossi © - Time series econometrics 11

14



[(0) PROCESS

Given a linear process y;

Yt = Z\Iliet—i =W(L)e, t=0,1,...
i=1

€ ~ i.i.d.(0,9)
U(z) =5 " ;2" is convergent for |z| <1+ § for some § > 0.

A stochastic process y; which satisfies that
y: — E(y:) = Z W€
i=0
is called 1(0) if

(1) = i W, £ 0
1=0

Eduardo Rossi © - Time series econometrics 11

15



[(0) PROCESS

Univariate linear process consider the AR(1) process:

Y1t = PY1t—1 T €

for |p| < 1

oo
i
Yit = E P €t—i
i=0

the sum of coefficients is
P
i=0 1=p

the process is I(0). The process

Yot = €t — Oeor 1

is stationary V@, but for 6 = 1 it is an I(0) process.
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[(0) PROCESS

The process

Y: =

is called an I(0) process even if § = 1 since

¥ (1)

Y1t
Y2t

1

I—p
0

0
1-46

£0 VO

A stochastic process y; is called integrated of order d, I(d),
d=0,1,2,...if

A(y: — E(yt))
is 1(0).
If y; is I(1) and A is full rank then Ay; ~ I(1).
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[(1) PROCESS

A consequence of the definition is that the stochastic part of an I(1)

process y; is nonstationary, since if

'
Yt =Yo T in
i=1

for some I(0) process

O
Xt = E Ve
i=0

the condition

SO
1=0

implies that y; is nonstationary.

Eduardo Rossi © - Time series econometrics 11

18



[(1) PROCESS

Let
U(z) =) W2’
We define the function

U= 53 7

j=i+1

the power series for W* is convergent for [z| < 1+ 4§

W(z) =¥(1) +P7(z)(1 - 2) (1)

:§:wf+w%@u—z) (2)
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[(1) PROCESS

Define the stationary process
©.@)
X = Z Ue, ;=W (L)e
i=1

x; = W(L)e, = P(l)es + (1 — L)x;

hence
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[(1) PROCESS

This process is nonstationary since

¢
Ay = Ay + ZAXz'
=1

1=

=Yoo —Y-1— X0+ X¢
=yo — (y-1+X0) + Xt
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COINTEGRATION

Linear combinations of y;. Let 3 € R, then

t

By =Byo+8¥(1)) e&+p8% —Bx%;
i=1
if we want 3y, to be stationary we must have
BP(1) =0
then

B'y: =B'yo+ B'x; — B'%x]
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COINTEGRATION

This is stationary only if we choose the initial values of the process
B'y; such that

B'yo = B'x}
in this case
,3/}’75 — B/Xf

The definition of I(1) gives no condition on the initial values or the
level of the process. Thus we need an extra condition that the initial
values can be chosen as indicated in order to have the stationarity

conditions of linear combinations of the levels.
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COINTEGRATION

Cointegration: Let y; be I(1). We call y; cointegrated with
cointegrating vector 3 # 0 if 3'y; can be made stationary by a
suitable choice of its initial distribution.

The cointegrating rank is the number of linearly independent
cointegrating relations, and the space spanned by the cointegrating
relations is the cointegrating space.

Note that 3"y, need not be 1(0), but for AR processes the
cointegrating relations we find are in fact 1(0).
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EXAMPLES

Two-dimensional process y; = (y1¢, Y2t )’

t

Y1t = Z €1; T €2¢

i—=1
¢
Yor = a E €1; + €3¢
i—=1

Y1t, yYor and y; are also I(1) processes. They cointegrate with

cointegrating vector 3’ = (a, —1)

t

¢
/
B'y:=ayir —yYor = a E €1; — Q E €1; T A€2p — €3¢
i=1 i—1

— Q€gt — €3¢
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EXAMPLES

If further

Y3t = €4¢

then y3; ~ I(0) but the vector process y: = (y1¢, Yot, y3¢) is I(1), with

cointegrating vectors

(a,—1,0)
(0,0,1)
We allow for unit vectors (abuse of language). The inclusion a

stationary variable in the process increases the dimension of the
cointegrating space by one.
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EXAMPLES

Three-dimensional process

Y1t :ZZEU —|—Z€2@

1=1 7=1

Y2t :azzﬁlg +bZ€21—|—63t

1=1 7=1
t

Yt = C E €2; 1+ €4¢
i—=1

y1: and yo; are 1(2), y3; is [(1). The process y: = (y1¢, Yor, y3e)' is 1(2)
and cointegrates since

t

ayie — Y2t = (@ — b) 2622' — ezt ~ I(1)

1=1
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EXAMPLES

and
acyis — cyor — (@ — b)ysy = —cezp — (a — b)egy ~ 1(0)

thus (a, —1,0) is a cointegrating vector that changes the order of the
process from two to one, |ac, —c, —(a — b)| changes the integration

order from 2 to 0.
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COMMON TRENDS REPRESENTATION

General process that illustrates the various possibilities in N

dimensions for d = 2:

t S t
1
Yt:‘1’22;6i—|—q’1;€i+70+71t+§7'2t2+xt t=1,2,...
y: ~ 1(2) if ¥4 # 0, it is nonstationary and differencing it twice
makes it 1(0).

The MA representation models the variation of the economic data
through the matrices ¥, and W, as the results of the influence of its

unobserved common trends given by the cumulated sums of €.
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COMMON TRENDS REPRESENTATION

If 3 Wy = 0’ then the order of integration is reduced from 2 to 1,
Granger (1981) called this case cointegration, denoted by CI(2,1).

The idea is to describe the stable relations in the economy by linear

relations that are most stationary than the original variables.
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ECM REPRESENTATION

Another way of modeling cointegrating variables is through the error

correction model. An example of a reduced form ECM is:
Ay, =afB'yi_ 1+ p+ € t=1,2,...
with initial value yy,
a: (N xr) rank (o)
B: (N xr) rank(3)
a; (N x(N—-r)) rank(a; ) =N —r

=7

r

such that
a,aJ_ = 0px N~
then

rank(a, ;) = N
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ECM REPRESENTATION

The matrix « | is not uniquely defined. The relation

B.(a\B,) ' +a(fa) '8 =1y

which expresses that if 3’a has full rank then any vector v € RY can
be decomposed in v; € Col(B) and vy € Col(a):

v=vi+vy=0,(a B) d viaBa)BV

If rank(a’, B,) = N — r we can show that the solution of ECM is the
MA (common trends) representation:

t
yt:‘PZGi—I—TQ—I—Tlt—I—Xt
1=1

where

=03 (o8, and 7 =WPpu.
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ECM REPRESENTATION

To see this multiply by 3’

B'Ay, =B aByi 1+ 8 u+Pe
By =08yi1+8aByi1+8un+0e
= I+ 8 a)Byi1+ 8 pn+ 03¢

the process is stationary if the matrix (I + 3'a) has its eigenvalues

inside the unit circle. The stationary representation

O

By => I+8a)f (1+e)

1=0
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ECM REPRESENTATION

Multiplying the ECM by o,
o | Ay, =o' afBy_1+o |\ p+ad| e
o | Ay, =o'\ p+a e

which has solution

t
o\ yr=ayo+ ) o (un+e)
1=1

Combining these results

yi = (B (' B) ' +a(Ba)'B)y:

t o0
=Ty + ¥ Y (pte)+a(Bo) Y (I+8a)s (n+e)
=1 1=0

this is an instance of the Granger Representation Theorem.
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ECM REPRESENTATION

This is a way of finding the MA representation from the AR
representation and vice versa when there are I(1) variables in the
system.

The non stationarity in the process y; is created by the common
trends o', S2'_, €.
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