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MEAN SQUARED ERROR

Forecast of Y; 1 based on a set of variables observed at date ¢, X;:

*

1|t The loss function

MSE( t>|—<|—1|t) = EYi+1 — t>|—<|—1|t]2
The forecast with the smallest MSE is
t:—1|t = EB[Yi1]X4]

Suppose Y,* ., is a linear function of Xj:

t4+1|t
i}t—i—1|t = o'X,

if
E[(Yir — o'X)X}] = 0f

then o’X; is the linear projection of Y;,1 on X;.
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LINEAR PROJECTION

The LP projection produces the smallest MSE among the class of

linear forecasting rule

P(Yi41Xy) = o'X,

AN

MSE[P(Y41|X4)] > MSE[E(Y;11]X4)]
using

E[(Yiy1 — /X)X =0

E[Yi1X}] = o B[X, X}

o = EY; 1 X)) E[X X!
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PROPERTIES OF LINEAR PROJECTION

The MSE associated with a LP is given by
E[(Yip1 — a'Xy)?] = E[(Yiq1)?] = 2B(a'X; Y1) + E(a' X X;a)
Replacing o
E[(Yip1 — a'X4)?] = E[(Yig1)?] = 2BV X3)[E(X:X3)| T E(X Yiga)
+E(Y 1 X [E(X XD HEX X [E(X XL T E(X Y1)
E[(Yis1—a'Xy)?] = E[(Yir1)*] = E(Ye 1 X)) [B(X X)) E(X Vi)
If X; includes a constant term, then
Pl(aYp41 +0)1X] = aP(Yei1|Xe) +b
The forecast error is
[aYi1 + b = [aP (Y01 X) + 0] = alYess = P(Yiga| X))

is uncorrelated with X; as required of a linear projection.
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LP AnD OLS

LP is closely related to OLS regression

Y1 = B Xy + uy

1 < 1 <&
- N X, X! ~ N XY,
thzltt thzltt—i—l

[ is constructed from the sample moments, while « is constructed

—1

5=

from population moments.
If {X4,Y;11} is covariance stationary and ergodic for second
moments, then the sample moments will converge to the population

moments as the sample size T' goes to infinity

T

1

— Y X X| B E[XX]]
t=1
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LP AnD OLS

implying
B85«

E is consistent for the LP coefficient.
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

Forecasting based on lagged ¢’s.

Infinite MA:;

(Y — p) =¥(L)e
e, ~ WN(0,0%)

o =1, > ;_4[%;| < oc. An infinite number of obs on e through date
t: {€t,€:-1,...}. We know the values of p and {11, 9, ...}

Yiis =ptepsti€4s-1+ Vo€ o+ .. g€+ Vsp1601+ ...
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

The optimal linear forecast is:

AN

EY sle, €i—1,...] = p+ser +spie_1 + ...
where E[Y;44|X:] = P(Yirs|1, Xe) .

The unknown future €’s are set to their expected value of zero. The

forecast error is

Yits—EYiisler, €i-1,...] = €epstH1€ps—1+Vo€psa+. . Y1641
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

AN

E((Yers — ElYigsles, ec-1,. . 1)) = (L +4f + ...+ 42 )0

when s — oo the MSE converges to the unconditional variance
o? > =0 V5.
MA(q):

Y(L)=1+6,L+...+6,L7

Yivs =p+€qs + 016451+ oo+ Ops_g€t45—g

The optimal linear forecast is

- +0se; +0s1160 1+ ... +046_grs s=1,...,q
E[E—l—sktvet—lv'”] — ! !

7 s=q+1,...
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

MSE:
o? s=1
(14+61+...+60% o s=2,3,...,q
(1+674...402)0* s=q+1,q+2,...

The MSE increases with the forecast horizon up until s = ¢. For

s > q the forecast is the unconditional mean and the MSE is the

unconditional variance of the series.
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

Compact lag operator

L
wl(ﬁ) — L_S+¢1L1_S+¢2L2_S+° . ’+¢S—1L—1+¢SLO+¢S+1L1+¢8—|—2L2—|—° .-

the annihilation operator replaces negative powers of L by zero

[w(L)] — 'QbsLO + 'Qbs—l—lLl + ¢8—|—2L2 + ...
L],

AN

E[}/t-l-slet?et—la"'] = Bt [wl('/f)] €t
_I_
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

Forecasting based on lagged Y'’s.

In the usual forecasting situation we have obs on lagged Y'’s. Suppose
the infinite MA process has an Infinite AR representation

n(L)(Y; —p) =&

n(L) =3 2gni L7, no=1and } = |n;| < oo
n(L) = [(L)] ™.

A c.s. AR(p)
(1 =1L — 2L + ...+ ¢, LP) (Vi — ) = &

O(L)(Y: — p) = €&

satisfies
n(L) = o)
w(L) = [p(L)] "
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

For an MA(q):

Yi—p=01+6L+...4+0,L%¢

Y: — pn=0(L)e
(L) = 6(L)
n(L) = [0(L)"

provided that is based on an invertible representation.
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

ARMA(p,q) can be represented as an AR(oco) with

W) =

provided that the roots of ¢(z) and 6(z) lie outside the unit circle.
When the restrictions are satisfied obs on {Y;,Y;_1,Y;_o .} will be

sufficient to construct {e;, €;_1,...}.
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

For example for an AR(1):
(1= GL)(Y — ) = &4

given ¢ and p and Y;,Y;_1, the value of €¢; can be constructed from
e = (Ve —p) —o(Ye1 — 1)

For an invertible MA(1):
(L+60L) (Vs —p) = &

given an infinite number of obs on Y, we can compute:

er = (Yo — 1) = 0(Yee1 — ) + 02 (Yo — 1) = 0% (Vg — p1) + ...
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FORECAST BASED ON AN INFINITE NUMBER OF OBSERVATIONS

Under the conditions

BlYisa[YoYin, ] =t [@] n(L)(Y; — )
+

the forecast of Y; ¢ as a function of lagged Y'’s.
Using n(L) = [ (L)] ™

Eisal¥iYios, ] =+ |52 @) -
+

Wiener-Kolmogorov prediction formula.
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WIENER- KOLMOGOROV PREDICTION FORMULA - AR(1)

For example for an AR(1):

(1= oL)(Y: — p) = €

w(L):1_¢L:1+¢L+¢2L2+...+¢3L3+...
the annihilation operator is:
@b(L) __ 4S8 s+17r1 s+2 712 _ gbs
[ T L—qﬁ + ¢° T LY + p° L +..._1_¢L
BlYeal¥eYion ) = e | 2| ) = 2 o) i

where ¢, = (1 — ¢L)(Y: — p).
EYisoVe, Yioy, .. ] = g+ ¢° (Ve — p)

the forecast decays geometrically from (Y; — u) toward p as s

increases.
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WIENER- KOLMOGOROV PREDICTION FORMULA - AR(1)

Given that 1); = ¢’, from the MSE of a MA(00), we have that the
MSE s-period-ahead forecast error is:

[1 i ¢2 4o —|—¢2(S_1)]O'2

as s — O
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WIENER- KOLMOGOROV PREDICTION FORMULA - AR(P)

Stationary AR(p) process
Yies —p0 = [ (V= p)+ f13) (Yicr = 1) + oo+ f1) (Viepin — 1) +
€ts + P1€tps—1 + 0+ Vs—1€141
v = fi7
the optimal s-period-ahead forecast is
Yipsie = i+ 13 (Ve — 1) + -+ [ (YViepir — )

forecast error

Yitsip — Yiqgst = €t4s + 164061+ + Vs 16041
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WIENER- KOLMOGOROV PREDICTION FORMULA - AR(P)

To calculate the optimal forecast we use a recursion. Start with the

forecast }A/H”t
Vipae — 1= 61 (Y — 1)+ .+ 6p(Yipin — 1)
Y2+2|t+13

Yipopr1 — =01 (Yepr —p) + .o + 0p(Ye—pr2 — 1)

Law of Iterated Projections: Forecast }Aft+2|t+1 projected on date ¢

information set then we obtain ﬁ+2|t:
Yipop —p= ¢1(Yt+1|t — )+t Op(Yipyo — p)
substituting }A/H”t

}A/t+2|t — K = ¢1[(/51(Y;5 - ,U) t.o (b'p(Yt—'erl — N)] +
Po(Yy — p) + ...+ (b'p(Yt—'p+2 — 1)
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WIENER- KOLMOGOROV PREDICTION FORMULA - AR(P)

Yieop = = (87 +d2)(Ye — 1) + (162 + ¢3) (Vi1 — p1) + ... +
(¢1¢p—1 + (bp)(Yt—'erQ — ,U) + ¢1¢'p(Yt—'p+1 — ,U)

The s-period-ahead forecast of an AR(p) process can be obtained by

iterating on

Yivjie —p=01Yeaj-1pe =) + oo+ 0p(Yeajpie — 1)
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WIENER- KOLMOGOROV PREDICTION FORMULA - MA(1)

Invertible MA(1)
(Y —p) = (1+0L)e

with |0 < 1. Wiener-Kolmogorov formula

e =n+ S| (1400700

Forecast s = 1

2] -

0
1+ 6L
= pu+ 0 —p) =0 YVecr — ) + 6> Yoz — 1) + - ..

Yiqip = wp+ (Ye — )
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WIENER- KOLMOGOROV PREDICTION FORMULA - MA(1)

Alternatively
et = (1+0L)"(Y; — p)

in practice
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WIENER-KOLMOGOROV PREDICTION FORMULA - MA(Q)

(Ye — ) = 0(L)e;

O(L) = (1+01L+0L° +...+0,L9)

~ 1+6,L+...+0,L1 1
Yt+s|t=M+[ o +LS % +@(Yt—ﬂ)
1+6:L+...+60,L7] 14+ 0L+ 051 L% + ...+ 0,L9°
L L_ 0
For
S;t+s|t:M+(95+93+1L+---+9qu_8)/€\t
e =Y —p)—016—1 — ... — 06—

s=1,...,q
s=q+1,...
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WIENER-KOLMOGOROV PREDICTION FORMULA - ARMA(1,1)

(1 =¢L)(Y: —p) = (1 +0L)e;

Stationarity: |¢| < 1. Invertibility: [ < 1.

__— 14+ 0L 1— oL
1
ﬂ—¢m):1+¢L+¢ﬁﬂ+”'
[ 1+ 6L ] _[r e
(1-o¢L)Ls],  [(1-¢L)Ls (1—-¢L)L*],

)

_ L* Ls
_ (¢8+¢8+1L—|—¢8+2L2—1—...)—1—
9(¢8—1+¢8L+¢8—|—1L2+...)

'u+¢L+¢Hﬂ+”)+ﬂLQ+¢L+¢Hﬁ+
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WIENER-KOLMOGOROV PREDICTION FORMULA - ARMA(1,1)

0
[@%:;LsL{‘ = ¢°*(1+ oL+ ¢°L° +...)+
_I_

005 (1 + ¢L + ¢°L* + ...
= (6" +0¢" )1+ oL+ ¢"L* +...)

(/bs + egbs—l
1— oL
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WIENER-KOLMOGOROV PREDICTION FORMULA - ARMA(1,1)

. 1+ 0L 1 — oL
Yirsp = M"’[ S] (Y — u)
(1—¢L)L* |, 1+0L
B O° —1—(9gb8_1 1 — oL
= ht T 1M
s_|_6) s—1
= u+¢ ¢ (Y: — 1)

1+6L
For s = 2,3, ... the forecast

}/t—l—s|t — K= (/b(}/t—l—s—lhﬁ - :u)

the forecast decays geometrically at the rate ¢ toward the
unconditional mean p. The one-period-ahead forecast (s=1) is given

by

¢+ 0
14 6L

Yipip =p+ (Y: — )
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WIENER-KOLMOGOROV PREDICTION FORMULA - ARMA(1,1)

Vo = 20T 1):6L( °L) (v,
1 — oL
= u+¢(Yt—u)+1+§L(Yt—u)
. 1-¢L

Eduardo Rossi(© Time Series Econometrics 11

28



WIENER-KOLMOGOROV PREDICTION FORMULA - ARMA(1,1)

s = 2,
. 2 19
Y%+2|t — N‘Fqi_:_ggb(t_ )
B o +0
= M+¢1+9L(t_ )
= u+éd(o+0)(1—0L+0°L* —0°L° +...)(Y; — )
= pt+o(o+0)(Yr —p) — (o +0)0(Yeo1 —p) + ...
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WIENER- KOLMOGOROV PREDICTION FORMULA - ARMA (P,Q)

ARMA(p,q):
SI)Y: — 1) = 6(L)es

}/}t—|—1|t —pn=01(Yi—p)+.. . +op(Yiepy1 —p)+0ies+.. . +04€ g1
& =Y — Y ?ﬂt =Y T <t

(

(/bl (Y;5—|—3—1|t o :u) + ..t qbp(}/t—l—s—phﬁ o :u) + (91/6\15 + ...+ Hq/e\t—i—s—q
for s=1,...,q

O1(Yers—aje — 1) + -+ Op(Yeps—pip — 1)
for s=q+1,...

}/t—l—s|t_:u = 9
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FORECASTS BASED ON A FINITE NUMBER OF OBSERVATIONS

{Ye,Yio1,...,Yi_ i1} observations. Presample €’s all equal to 0.
Approximation

E\’[Y;—I—sl}/ta Y;ﬁ—la . ] = E\th—l—sly;b s 7m—m—|—17 €t—m = 07 €t—m—1 — 07 . ]
MA(q):

/E\t—m—l—l =Y g1 — N
€t—m+2 = Yi—m42 — [t — 91€t—m+1
/E\t—m—|—3 =Y i3z —p— ngt—m—|—2 - H2€t—m—|—1

The values are to be replaced in

ﬁ+s|t =+ (05 + 0, 1L+ 0si oL + ...+ 0,L7 %)
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FORECASTS BASED ON A FINITE NUMBER OF OBSERVATIONS

For s = q = 1:
Yoo = pH0(Yi—p) =02 (Vi — ) +. .4 (= 1) 0™ (Vs — 1)

truncated infinite AR. For m and || small we have a good

approximation. For || 2 1 the approximation may be poorer.
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ExAcT FINITE-SAMPLE PROPERTIES

Exact projection of Y;11 on its most recent values

1
Y;

| Ye-mia i
Linear Forecast
o™X, = ay +ai'Yi+ ...+ oY omat1
If Y; is c.s.
EY:Y,—j] = v +

Xt — [17 }/;57 R 7}/t—m—|—1]/
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ExAcT FINITE-SAMPLE PROPERTIES

implies
™= [ () o (e p?) ] X
- q—1
1 7 7
poo (o+e?) o (Ymer +4P)
o (mer ) o (o)

when a constant term is included in X, it is more convenient to

express variables in deviations from the mean.
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ExAcT FINITE-SAMPLE PROPERTIES

Calculate the projection of (Y;4+1 — p) on
(Yo —p), Yicr — )y oo, (Yemmgr — 1)

- -~ —1 r -
Y0 T cor TIm—1 T

Q) —

Ym—1 Ym—2 N (1) Ym

s-period-ahead forecast

Yoot =+ s (¥ — ) + 4 all) (Vo s — o)

C (mys) i 17T ]
Qp Yo 71 coro Ym—1 Vs
o, (m9)

i m i i Ym—1 Ym—2 I (1) i i Vs+m—1 i
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ExAcT FINITE-SAMPLE PROPERTIES

Inversion of an (m x m) matrix. Two algorithms:
1. Kalman Filter to compute finite-sample forecast.

2. Triangular Factorization.
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