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INTRODUCTION

We consider the AR(p) model:
Yi=c+p1Yi1+...+0Yep+e t=1,...,T

g, ~ WN(0,0%)

where yo,y_1,...,Y1—p are given. Notation as a regression model
/
Yy = 2,0 + ¢,

with @ = (¢, ¢1,...,0,) and z; = (L, yp—1, ..., Yt—p)":
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OLS ESTIMATION OF AR(P)

The model is:
y =760+ ¢
The OLS estimator:
06 = (Z2)'Zy
= (Z'2)'Z(Z6 + ¢)
= 0+ (Z'Z2)'Z¢
~1
1 1
= —7'7 —
o (777) (772)
e OLS is no longer linear in y.
e Hence cannot be BLUE. In general OLS in no more unbiased.

e Small sample properties are analytically difficult to derive.
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OLS ESTIMATION OF AR(P)

If Y; is a stable AR(p) process and ¢; is a standard white noise, then
the following results hold (Mann and Wald, 1943):

1
(7' Z7)-2T
T( )

VT (%z%) 4, N(0,0°T)

then consistency and asymptotic normality follows from Cramer’s
theorem:

VT(0 — 0)-5N(0, 02T 1)
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IMPACT OF AUTOCORRELATION ON REGRESSION RESULTS

Necessary condition for the consistency of OLS estimator with
stochastic (but stationary) regressors is that z; is asymptotically

uncorrelated with g4, i.e. plim (%Z’st) = 0:

. 1 - 1
plim@ — 60 = plim (TZ,Z> plim (TZ/€>

1
= T !plim (TZQS)

OLS is no longer consistent under autocorrelation of the regression

error as

1
plim (TZ,&:) #~ 0
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OLS ESTIMATION - EXAMPLE

Consider an AR(1) model with first-order autocorrelation of its errors

Yi = oY1+ u
Uy = PU—1 T E¢

e, ~ WN(0,0%)
such that Z’' = [Yp, ..., Yr_1]. Then

1 T T
pu ZYt—lut
I t=1

1

S Z EY;_1(p(Yi—1—¢Yi—2)+ey)]

T
t=1

1
E [TZ’u] =k

since

ur = p(Yie1 — ¢Yi_o) + &4
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OLS ESTIMATION - EXAMPLE

= p[vy(0) — vy (1))

where v, (h) is the autocovariance function of {Y;} which can be

represented as an AR(2) process.
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MLE AR(1)

For the Gaussian AR(1) process,
Yi=c+oYi1+e |9 <1

e, ~ NID(0,0?)

the joint distribution of
Yr=(Y,...,Yp)
1S
Yo~ N(p,X)
the observations

y = (y1,92, .-, yr)

are the single realization of Y
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MLE AR(1)

H Y0 cee T—1
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MLE AR(1)

The p.d.f. of the sample y = (y1,y2, . . .

multivariate normal density

fY(&q/w7§3)::

<2w>—%\2|—%exp{

1

Denoting 3 = O'gﬂ with ;; = Pli—7l

Y0
M, —
_’7T—1
20 2
E—Jyﬂ—ay

YT-1

Y0

p(T —1)

YT —1
u Yo

p(T —1)

,yr)' is given by the

5 -2y - u)}

YT —1
Yo
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MLE AR(1)

p(j) = ¢’
Collecting the parameters of the model in 8 = (¢, ¢, 0?)’, the joint

p.d.f. becomes:

Fe(:0) = (2rod) Fl e { v - w0y -}
Yy

Collecting the parameters of the model in 8 = (¢, ¢, 0?)’, the sample

log-likelihood function is given by

T T 1 1

L(6) = — log(2m) = log(a,) — 5 1og(|2)) — 5 5 (y—1) Q7 (y—p)
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MLE AR(1)

Sequential Factorization
The prediction-error decomposition uses the fact that the ¢; are
independent, identically distributed:

flea, .. er) = || f:(e0).

and:
T

gy (yr, .- y1) = [H thYtl(ytytl)] X v, (Y1)
t=2

by the Markov property. We assume that the marginal density of Y;
is that of £; with

ElY1|=p=

2 o)
y_1_¢2

E((Y1—p)]=0
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MLE AR(1)

Since
et =Yy — (c+ ¢Yi—1)

then

th|Yt_1(yt|yt—1) — fe(yt|yt—1) = fs(€t)

t=12 ...
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MLE AR(1)

Hence:

gy (yr, .- y1) = { [H fs(yt|yt1)] fs(yl)}

For ¢; ~ NID(0,0?), the log-likelihood is given by:
L(B) = logL(0)

T
= > log f-(yelyi—1;0) +log f, (y1; )
t=2

T
T T—-1 1
= 210g(27r){ 9 log(02)+2225t}

1 2 1 2
— {51095(%) + Tﬁ%(yl — [t) }
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MLE AR(1)

C O'2

42 T—¢2

Maximization of the exact log likelihood for an AR(1) process must

where Y1 ~ N(u,0,) with = and 0, =

be accomplished numerically.
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MLE AR(P)

Gaussian AR(p):

Yi=c+o1Yi1+...+¢,Ys p,+e e~ NID(0,07)

0 = (c, ¢1,...,¢p,02)’
Exact MLE

Using the prediction-error decomposition, the joint p.d.f is given by:

T
F(yi,y2,- ., yr; 0) = [ 1] fs(yt|Yt1§9)] Sy v, (Ui, Yp; 0)

t=p+1

but only the p most recent observations matter

fa(yt|Yt—1§ 9) — fa(yt’yt—la ce ey Yt—ps 9)
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MLE AR(P)

The likelihood function for the complete sample is:

T
Sy (1,92, ... yr; 0) = [ 1] fe(ytyt17°-°7ytp§9)] Sy, yp; 6)

t=p+1
With ¢, ~ NID(0, 02)
. B 1 —(yt —C—P1Yp—1— ... — qﬁp%—'}?)2
fs(yt|yt—17”'7yt—p79) - Wexp [ 20_2

The first p observations are viewed as the realization of a

p-dimensional Gaussian variable with moments:
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MLE AR(P)

fy(y, ...

Yo 71
#a! Yo
p— O'2Vp p—
i Tp—1 Vp—2

Ypi0) = (2m) 2oV, E exp | -

'Yp—l
Vp—2

0

(Yp - l‘l’p),Vgl(Yp - Np)

202
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MLE AR(P)

The log-likelihood is:

L(B) — long(y17y27°'°7yT;9)

T
— Z logfe(yt‘yt—la . -;yt—p;e) + 1ngy(y1, s 7yp;9)

t=p+1
T T 1
= —5log(2m) — 5 log (%) + 5 log [V, |
1 _
_QT‘Q(Yp — l‘l’p),Vp 1(Yp — ”p)
T
B Z (yt — C — ¢1yt—1 Toee e T (/bpyt—p)Q
202
t=p+1

The exact MLE follows from:

0 = arg max L(0)
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MLE AR(P)

Conditional MLE = OLS

Take y, = (y1,...,9p)" as fixed pre-sample values

0 = arg mgx pr+1,...,YT|Y1,...,Yp (yp—|—17 e 7yT|yp; 9)
T
— arg mgx H fe(Uelye—1, -, y1—p; 0)
t=p+1

Conditioning on Y :

LO) = logfy, . \,..YrIY1,.. Y, WUpt1s-- o, yT|¥p; 0)
T
= ) log fe(e:[Y:-1;6)
t=p+1
o T-p o T=p s LN
= - og (2m) — Og(a)—@;@
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MLE AR(P)

where
et =Y —(c+o1Ye1+...+0p,Y—p)

Thus the MLE of (c, ¢1, ..., ¢p) results by minimizing the sum of
squared residuals:

T
arg max L(c¢,¢1,...,¢p) =arg min e2(e, 1, .., ¢
(¢,f1,--.,0p) ( p) (c,p15.30p) t;l t( p)

The conditional ML estimate of o2 turns out to be:

T
AN ]' AN
52 2

= — gt
T_pt=p+1
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MLE AR(P)

e The ML estimates 7 = (c, a, o 5{,)’ are equivalent to OLS

estimates.

e (c, b1, .., 5;) are consistent estimators if {Y;} is stationary and

VT (7 — ) is asymptotically normally distributed.

e The exact ML estimates and the conditional ML estimates have

the same large-sample distribution.
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MLE AR(P)

Asymptotically equivalent

e MLE of the mean-adjusted model
Viep=¢01(Yem1 —p)+. .+ 9p(Yeep — 1) + &4

where p= (1 —¢1 — ... — @) e

e OLS of (¢1,...,¢,) in the mean adjusted model, where

1 T
== %
t=1
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MLE AR(P)

e Yule-Walker estimation of (¢1,...,¢p)

- - - - —1 r -
®1 Yo Yp—1 71

_¢p_ _:Y\p—l :Y\O i _:Y\p_

where
T
o =(T=h)" > (W=7 We—n — V)
t=h41

and

1 T
M:y:T;yt
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MLE MA(Q)

Gaussian MA(q):
}/t :M+€t+01€t—1+---+0q€t—q

e, ~ NID(0,0?)
Conditional MLE = NLLS

Conditioning on g, = (£0,€-1,...,€1—¢) = 0, we can iterate on:
Et — ift — (ngt—l + ...+ Hqgt—q)

for t =1,...,T. The conditional likelihood is

L) = log fYT|§0:O(YT|§0 =0;0)
T
B T T 9 £
— —ElOg(zﬂ')—ElOg(U)—t:El7

where 0 = (11,01,...,0,,0%).
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MLE MA(Q)

e The MLE of (u,01,...,0,) results by minimizing the sum of

squared residuals.

e Analytical expressions for MLE are usually not available due to

highly non-linear FOCs.

e MLE requires to apply numerical optimization techniques.
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MLE MA(Q)

e Conditioning requires invertibility, i.e. the roots of
1—|—912—|—9222—|—...—|—9qu =0

lie outside the unit circle. For MA(1) process:

t
e =Y, —p—01e0 1 = (—=01)'co+ Y (=61)[Yi; — ]
=1
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MLE ARMA (P,Q)

Yi=c+o1Yia+.. .+ Y+ + 01601+ ...+ 0454

e, ~ NID(0,0?)

Conditional MLE = NLLS

Conditioning on Yo = (Yo, Y_1,...,Y_,11) and

gg = (€0y6-1,...,6—g+1) = 0, the sequence {e1,¢9,...,ep} can be
calculated from {Y7,Ys,..., Yy} by iterating on:

&t = ift _ (C + ¢1th—1 + ...+ ¢vat—p) - (01575—1 + ...+ Oqgt—q)

fort=1,...,T.
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MLE ARMA (P,Q)

The conditional log-likelihood is:

L£(0) = log fYT|Y0a§0 (y7!yo,&0)

T T
= —— log (2m) — — log

IIMH

e One option is to set the initial values equal to their expected

values:
Y,=1—-¢1—...—¢,) 'c s=0,-1,...,—p+1
es=0 s=0,—-1,...,—q+1
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MLE ARMA (P,Q)

e Box and Jenkins (1976) recommended setting €’s to zero but y’s
equal to their actual values. The iteration is started at date
t=p-+1, with Y7,Y>,...,Y), set to the observed values and
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