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MOVING AVERAGE OF ORDER 1 (MA(1))

}/t:,u—i—Gt—Fth_l tzl,,T

¢ ~ WN(0,0%)

Ele) = 0
E(ef) = o

E(eter—j) = 0 j#0

E(Y;,) = E(u-+e +0e_1q)

E(Y;) = p+E(e)+0E(e-1)

EY,) = p
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MOVING AVERAGE OF ORDER 1 (MA(1))

E(Y, —p)* = E(e+0e_1)°
= E(& +0°c_ | +20e_1¢)
= 2+ 60**+0
= (1+6%)0°
First Autocovariance
v(1) = B, —p)(Yie1 — p) = E(er + 0ei—1)(er—1 + ey —2)
= E(eei_1 + 0| +Ocres_o + 0%€,_164_9)
= 0+60°+0+0=00

Higher Autocovariances are all zero

() = El(Ye = p) (Yo — )] =0
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MOVING AVERAGE OF ORDER 1 (MA(1))

MA (1) is covariance stationary regardless the value of 6.
> )= 1+06%)0" + 07| <
j=0

If €; is a Gaussian White Noise, then MA(1) is ergodic for all

moments.

Autocorrelation function

7(0)
lp(7) <1
0o 0
P = G T ir e
p(j) = 0 j>0
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MOVING AVERAGE OF ORDER 1 (MA(1))

The largest possible value for p(1) is 0.5. This occurs if § = 1. The
smallest is —0.5, # = —1. For —0.5 < p(1) < 0.5 there are two

different values of 6 that could produce that autocorrelation.

: +92 is unchanged if 6 is replaced by 1/6.
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INVERTIBILITY

MA(1):
Yi=p+e + 0161
Vi=p+(1+6L)e

Autocorrelation function:

_ @) 0
p(l):m—1+92

Replacing 6 by 1/6 and assuming that the (unobserved) shock
process has a variance of 6%¢? instead of o? yields a process with the

same autocovariance structure as the original process.

The invertibility of (1 + #1z) depends on the roots of

14+6{z=0
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INVERTIBILITY

invertibility requires || < 1; if |#| > 1 the infinite sequence
(1—-60L+6*L* —6°L° 4 ..)

would not be well defined. For a MA(q) there are 27 representations

of the process having the same correlogram. Identification problem.

To overcome this problem we impose the invertibility condition.

AR(o0) representation:

O(L) 'Y, =0(1) '+ e
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MOVING AVERAGE OF ORDER ¢ (MA(Q))

Yi=p+60L)e t=1,....T
e, ~ WN(0,0%)
O(L)=14+6,L+...+6,L1
BE(Y;) =

E[(Yi —p)’] = E[(0(L)e)?]
= B(e +07ef , +.

= (1—|—9%—|—...—|—9§)0

92€t q)
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MOVING AVERAGE OF ORDER ¢ (MA(Q))

because
E(0;0jei—ier—j) =0 Yi#j 1,7=0,...,q b=
The autocovariance function

V() = E[(0(L)er)(0(L)er—;)]
= FBlleg+...+0je—;+...+0se_g)(€r—j + 0161+ ...+ 06_q—;)]
= BE(0jei_; + 010511601 + ...+ 0,00 jei_,)
= (0;+010;1+...4+0,0,_ )0 j=1,....q

¥(J)=0 j>gq
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EXAMPLE: MA(2)

Yi=p+e + 0161+ 0Oaeo
7(0) = (1+ 67 +63)0”

v(1) = E[(e 4 01€6—1 + Oaei—0) (€41 + O1€—o + Oaer_3)]
= 01E(e7_) + 010,E(c7_y)

) =0 j=3,4,...
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THE INFINITE-ORDER MOVING AVERAGE PROCESS

Yi=p+ Z%‘Gt—j
=0

e, ~ WN(0,0%)

The infinite sequence generates a c.s. process provided that square
summability holds

©.@)
DV <o
7=0

a slightly stronger condition is the absolute summability

O
> |yl < o0
=0
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THE INFINITE-ORDER MOVING AVERAGE PROCESS

7(0) = E(Y:—p)?
= lim E(Yoe + e 1+ ...+ Yre_7)
T — 00

= lim (5 + 7 +...+97)0”
T— o0

(i) = E[Y:—p)(Yie; — p)]
= o*(Yivo + 11 + ...
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THE INFINITE-ORDER MOVING AVERAGE PROCESS

An MA (c0) with absolutely summable coefficients has absolutely

summable covariances

Z|7(j)| < 00

An MA (oc0) absolutely summable is ergodic for the mean.

If €, ~ i.1.d.N(0,0?) then the process is ergodic for all moments.
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

Yi=c+ oY 1+ ¢

e, ~ WN(0,0%)
T-1 T-1
Yi=c) & +¢"Vir+ ) e
7=0 §=0

Y: is c.s. if o] < 1.
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

First Order Difference Equation
(1 —@L)yr = wy

If |¢| < 1 then backward solution:
Yy = wy + Qwy_1 + ...

If |¢| > 1 forward solution based on

1 _ —¢_1L_1
1 — ¢—1L—1

(1—¢L) = ¢ 'L 14 LT LR ]

(1 - oL)(1— o) =1
when it is applied to a bounded sequence {w;}2 __ the result is

another bounded sequence. Applying (1 — ¢L)~! we are implicitly

imposing a boundedness assumption.
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

Premultiplying by
1o L 4. 4 T-DL-T-D] =111

the limit of this operator exists and is (1 — ¢L)~! when |¢| > 1
(1—¢L) t=[—p 'L Y1+ ' L7+ .. ]

Applying this operator amounts to solving the difference equation

forward.

Eduardo Rossi © - Time series econometrics 2011 16



THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

For a AR(1) process with |¢| > 1:

V,=(1—-o¢L) e, =[-¢ 'L Y1+ 'L7H 4+ .. e

YVi=[-¢' L e+ e+l == ¢ ey,
j=1

this is the unique stationary solution. This is regarded as unnatural
since Y; is correlated with {es, s > t} a property not shared by the
solution obtained when |¢| < 1.

It is customary when modelling stationary time series to restrict
attention to AR(1) processes with |¢| < 1 for which Y; has the
representation in terms of {e;, s < t}.

If |¢| = 1 there is no stationary solution.
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

When Y; is c.s. we can write:

Y, = (cH+e)+dlc+e_)+d(c+es)+...
= c—|—c¢—|—c¢2—|—...—|—et—|—¢et_1—|—...
= %qb tet et ole ot
MA(OZ)WZW

when |¢| < 1
| — J—

this ensures that the MA(oco) representation exists.

The AR(1) process is ergodic for the mean.
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

7(0) = EB[(Y: - pn)’]
= El(e + der—1+ der—o +...)°]
= (14+¢*+o*+..)0?
= o?/(1-¢%)

viG) = El(Y:—p)(Yiej — )]
= El(et + ¢er1 + ¢ ero+ . )(er—j + der—j1 + dle—jo + ..
= (¢ + TP+ 40
= Y1+ %+t +.. )02
= o*(¢’/(1—¢?))
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THE AUTOREGRESSIVE PROCESS OF ORDER 1 (AR(1))

Autocorrelation function

NI )Y
,0(])—7(0) ¢

geometric decay.

() = ov(j — 1)

solution:

v(j) = ¢’~(0)
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THE AR(2) PROCESS

Yi=ct+oiYi 1+ oY o+ e
e, ~ WN(0,0%)
(1 =1L — doL?)Y, =c+ ¢
The difference equation is stable provided that the roots of
1—gb1z—¢22220
lie outside the unit circle.

W(L) = (1— $1L — 62L?) " = oo + Y1 L+ 9L? + ...
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THE AR(2) PROCESS

B c
1= 1 — ¢

The autocovariances

L

Yi=p(l—0¢1 —d2) +01Yi1 + 02 o+ €

Yi—pu=01(Yic1 — ) + d2(Yieo — ) + €

multiplying both sides by (Y;—,; — ) and taking expectations

produces

E(Yi—p)(Yeij—p)] = 01E[(Yie1 —p)(Yieyj — p)]
+ P2 B[(Yeo — ) (Yiej — )] + Eler(Yi—j — )]
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THE AR(2) PROCESS

The autocovariances follow the same the second-order difference

equation as does the process for Y;. The autocorrelations

Setting j =1
p(1) = ¢1 + ¢g2p(1)
_ "
p(l) = 1— 7
For 3 =2

p(2) = ¢1p(1) + ¢2
The variance of a c.s. AR(2)

E[(Yi—p)*] = 61 B[(Yie1—p) (Yo )]+ 2 B[(Yem2—p) (Ye— )|+ B[ (&) (Y —p)]
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THE AR(2) PROCESS

Ele)(Ye —p) = Ele)[o1(Yio1 — p) + d2(Yimo — p) + €]
= ¢1-0+¢a-0+0°

v(0) = ¢17v(1) + ¢2v(2) + o°

¥(0) = ¢1p(1)7(0) + ¢2p(2)7(0) + 0
Substituting p(1) and p(2)

7(0) = _1 ib1¢2 + @2 (P1p(1) + qbz)] v(0) + o7

B b7 Do b7 2
= 1 T4 +<b2] 7(0) 4+ ¢
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THE AR(2) PROCESS

2 —1
1) = 1ot - 2 g o2
_ '1¢2¢%¢2¢%¢3<1¢2)]1 2
1~ 6
_ (1 —¢2)o”
T 12— 8% — 6207 — B3(1— 62)
_ (1 —¢2)o”
T 12— 8 — 620 — 93(1— 62)
(1 - ¢2)o?

(1+¢2)[(1 — ¢2)* — ¢1]
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THE AR(p) PROCESS

Yi=ct+o1Yi1+¢2Yi o+ ...+ 0Yip + €

e, ~ WN(0,0%)
provided that the roots of

d(2)=1—¢1z2—...— 2" =0

all lie the unit circle.

Covariance-stationary representation:

Vi = p+y(L)e
B C n 1 )
T o l—¢i—po—...— ¢, 1—L—...—p,LP
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THE AR(p) PROCESS

where

W(z) =1 =1z —...—¢pz") ' = p(2)""
and

> il < o0

j=0
The mean is

C
p=EY;) = T —

Vimp=¢01(Yi1 —p) +d2(YVio —p) + ...+ p(Yep — 1) + &
Autocovariances are found by multiplying both sides by (Y;—; — 1)

and taking expectations
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THE AR(p) PROCESS

The autocovariance function

o1y —1)+ v —2)+...+ (1 —p) J=1,2,...

V() =
1y (1) + ...+ dpyp + 02 J=
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THE AR(p) PROCESS

Dividing the autocovariance function by v¢ we obtain the

Yule-Walker equations:

pj = P1pj—1+ Q2pj—2+ ...+ Oppi—p J=1,2,...

Thus the autocovariances and autocorrelations follow the same p-th
order difference equation as does the process itself. For distinct roots,

their solutions take the form
V(J) = N + N+ .+ Ip
where the eigenvalues (A1, ..., \,) are the solutions to

A — g NPT =, =0
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

Yi=ct+opYia+.. .+ oY ptet0i61+ ...+ 0464

(1—1L—...— ¢, LP )Y, =c+(1+60,+...+0,L%¢
¢(L)Y; =c+0(L)e
where
o(L) = 1—¢g1L—...—¢pL”
o(L) = 1+6,+...+6,L7

the stationarity depends on the roots of

1—¢rz—...—dp2? =0
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

If the roots are outside the unit circle then the inverse of ¢(z) exists,
then dividing by ¢(L) both sides

Yi = p+9y(L)e

_ o)
SR P S——
Z|¢j|<0@
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

¢ = p(l—¢1—...—¢p)
Vi = pl—¢1—..=@p)+ Y1 +...+ Y ptea+...+06
Yi—p = 0i(Yicr—p)+ .o+ op(Yiep —p) + €+ 01601 + ... + 046t

The variance

E[(Y; — p)* = 1 E[(Yie1r — ) (Ve — )] + - .. + ¢pE[(Yiep — 1) (Yz — )]
FEle(Yi — )] + 01 Eler_1(Yy — ) + .. + 0y Fler_q(Ys — o)

E[(Y: = p)*] = d1[o?(¥1¢bo + thothy + .. )] + ...+
¢p[02(¢p¢0 + ¢p+1¢1 + .. )]
+E[o€;] + 61 E[re;_1]) + ...+ 0,E[ge;_ ]
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

E[(Y; = 1)*] = d1[o? (P1¢b0 + thothy + .. )] + ...+
Dplo” (Vptho + Ypp1th1 + .. )]
100 + 01910° + ...+ Oy1bg0”

An ARMA(p,q) process will have more complicated autocovariances

for lags 1 through ¢ than would the corresponding AR(p) process

(7)) = ElY:—p)(Yim; — p)]
= 0 B[(Yeo1 —p)(Yej — )]+ ...+ Op B{(Viep — ) (Vi — p)]
+Ele(Yij —p)| + 01 Blee 1 (Yiej — )] + ... + 05 Eler—g(Yej — )]
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

For 5 > g autocovariances are given by

El(Y: — p)(Yimj — p)] =
N E[(Yio1 = )Yy — )] + o+ S E[(Yiep — ) (Vi — )]
+Ee(Yi—j — )+ 01Eleg 1 (Yij — )] + ... + 04 Eler—g(Yij — )]

EBleg—q(Yi—; —n)] = Ela—q((L)er—;)]
= Fletq(Voet—j + 1651+ ...)]
— ¢0E[€t—q€t—j] T le[Gt—th—j—ﬂ + ...
= 0
then

E[(Y: —p)(Yij — p)] =
P1E[(Yior — ) (Yej — )] + .. + Op B{(Viep — ) (Viej — p)]
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

Y(j) = 17 —1)+d2y(j—2)+...+ (i —p) J=q+1,q+2,...

Thus after q lags the autocovariance function follow the p-th order

difference equation governed by the autoregressive parameters.
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

There is a potential for redundant parameterization with ARMA

processes. Consider a simple white noise process
Yi = €

Suppose both sides are multiplyied by (1 — pL):
(1=pL)Y:=(1—pL)e

Both are valid representations, thus the latter might be described as
an ARMA(1,1) process, with ¢; = p and #; = —p. Since any value of
p describes the data equally well, we will get into trouble trying to
estimate the parameter p by maximum likelihood.
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

A related overparameterization can arise with an ARMA (p,q) model.
Consider the factorization of the lag polynomial operators:

(1= ML)(1=MoL) ... (1= ALY (Yi— ) = (1 —mL)...(1—nyL)e;

Assume that |\;| < 1 for all 4, so that the process is c.s.. If ¢(L) and

0(L) have any roots in common, \; = n; for some ¢ and j, then both
sides can be divided by (1 — \; L)
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THE AUTOREGRESSIVE MOVING AVERAGE PROCESS (ARMA(P,Q))

(1—=¢iL—...— ¢ (LN (YVi—p) = (1+0{L+...+0;_ L e
where
p
1—¢iL—...—¢; L= [] (1-XL)
k=1,k+#1

q
(I+07L+...+0, ;L% h = H (1 —npL)
k=1,k#j

The stationary process ARMA (p,q) process is clearly identical to the
stationary ARMA (p-1,q-1) process.
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ARMA(1,1)

Yi=c+ oY1+ e + 011

(1—$1 L)Y, =c+ (1+06:L)e

91| < 1
way:i+&L:41+mny+@L+¢ﬁﬂ+”)

— ¢1L
o+ L+ L? + ... = (14+0,L)(1+ ¢ L+ ¢3L% +...)
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ARMA(1,1)

Yo = 1
Y1 = 01+
Yo = @7 + 10y

V(0) = Q1 E[(Yeio1 — p) (Ve — )] + Eler(Ye — )| + 01 Eles—1 (Ye — )]

v(0) = ¢1[o? (V1o + Yatby +...)] + 0 + 019107
v(1) = ¢17(0) + 610°
v(2) = ¢1v(1)

Eduardo Rossi © - Time series econometrics 2011 40



