Theory and Applications of Copulas
in Finance

Dean Fantazzini

University of Pavia

IDepartment of Economics and Quantitative Methods, Via S.Felice 5, Univer-
sity of Pavia, 27100 Pavia, Italy. Phone: +439-338-9416321, Fax: ++39-0382-
304226, email: deanfa@eco.unipv.it .






Contents

1 Introduction 7
2 Copulae: Estimation Methods and Asymptotic Theory 11
2.1 Imtroduction . . . . . . . . ... 11
2.2 Copula Theory . . . . . . . . .. 12
2.3 Families of Copulas . . . . . . ... ... ... ... ... 15
2.3.1  Elliptical Copulae . . . . . . ... ... ... ... ..... 15

2.3.2  Archimedean Copulae . . . .. ... ... ... ... .... 17

2.4 Estimation Procedures: Parametric modelling . . . . . . . .. ... 18

2.4.1  Exact maximum likelihood method (EML or one stage method) 18
2.4.2  The Inference Functions for Margins method (IFM — or two

stage method) . . . . . . ... Lo Lo 19
2.4.3 The Kendall’s tau Moment Estimator (KME) method . . . 23
2.5 Estimation procedures: Semi-parametric modeling . . . . . . . .. 26
2.5.1 The Canonical Maximum Likelihood (CML) method . . .. 26
2.5.2  The two-step KME - CML method . . . . .. ... ... .. 29
2.6 Estimation procedures: Non-parametric modelling . . . ... . .. 34
2.7 An example: ML Estimation with Elliptical Copulas . . . . . . . . 37
2.7.1 The Normal copula . . . . . . . ... ... ... ... .... 37
2.7.2 Student’s T Copula. . . . . . ... ... ... ... ..... 38
2.8 Conclusions . . . . . . . . ... 41
3 A new Framework for Firm Value using Copulae 43
3.1 Imtroduction . . . . . . . . . . ... 43
3.2 Structural Models . . . . . . ... oo 43
3.2.1 The Merton Model . . . . . .. ... ... ... ....... 44
3.2.2 The Black & Cox Model . . . . . ... ... ... ... ... 46

3.3 Pricing the Firm’s Value as a Bivariate Contingent Claim using Cop-
ulas ..o 47
3.3.1 A Bivariate Contingent Claim . . . . . ... ... ... ... 47
3.3.2 Copula Theory: the Mathematical Background . . . . . .. 48
3.3.3 The Case of Complete Markets . . . .. ... ... ..... 50
3.3.4 The Case of Incomplete Markets . . . . ... ... ..... 53

3



CONTENTS

3.4 Conclusions . . . . . . . . ... e 55

4 Copulae and Operational Risks: A Static Approach 57
4.1 Introduction . . . . . . . . . . . . ... 57
4.2 Model Description . . . . . . . . ... 58
4.3 Marginals Modelling . . . . . ... ... ... L 61
4.4 Copula Theory . . . . . . . .. 63
4.5 Simulation Studies . . . . . ... ... L 67
4.6 Empirical Analysis . . . . .. ... o 69
4.7 Conclusions . . . . . . .. L 73

5 Copulae and Financial Market Risks: A Dynamic Approach 75
5.1 Introduction . . . . . . . . . . . . ... .. 75
5.2 Conditional Multivariate modeling . . . . . . ... ... ... ... 76
5.2.1 Copulamodelling . . . ... ... ... ... ... ... T

5.2.2 Marginal modeling . . . . ... ..o 79

5.2.3 Estimation: The Inference for Margins method (IFM) . .. 81

5.3 Value at risk applications . . . . . . ... ... ... ... 86
5.3.1 Introduction. . . . . . ... ... oo 86

5.3.2 VaR estimation: Problem setup . . . . . . .. ... .. ... 87

54 VaR evaluation and results . . . . . ... .. ... ... ... ... 90
5.4.1 Unconditional Model Evaluation: Kupiec’s test . . . . . . . 92

5.4.2 Conditional Model Evaluation: Christoffersen’s test . . . . . 93

5.4.3 Measures of Accuracy: Loss functions . . . ... ... ... 93

5.4.4 VaR out-of-sampleresults . . . . .. ... ... ... ... . 94

5.5 Conclusions . . . . . . . . .. 97

6 Conclusions 99
A Copula Simulation 101
Al Normal Copula . . . . . . .. ... 101
A2 Student’'s T Copula . . . . .. ... ... ... ... ... .. ... . 101

B Skew-T Cdf, Inverse Cdf, and Loss Functions Tables 103
B.1 Cdf. . ... 103
B.2 Inverse Cdf . . . .. . . . .. . . .. ... 104
B.3 Loss functions tables . . . . . . ... .. ... ... ... ... .. 105



