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1 Introduction

The study of the interaction between monetary and fiscal policies has recently
been the object of a renewed and vigorous interest.

The development of the stochastic general equilibrium models integrating
simultaneously nominal (and real) rigidities and fiscal distortions allow to re-
view, with new theoretical tools, an old and a major subject for macroecono-
mists. The contributions of Benigno and Woodford (2006), Schmitt-Grohé
and Uribe (2006) and Leith and Wren-Lewis (2006) provide a good starting
point for addressing this rich and complex literature.

Alongside this work, a current research continues to explore the same
question within the framework of intertemporal monetary models with flex-
ible prices, in the line of the works of Sargent and Wallace (1981), Ayagari
and Gertler (1985) and, recently, Leeper (1991), Sims (1994) and Woodford
(1994) around the particularly provocative subject of the "Fiscal Theory of
the Price Level" (FTPL).

According to this theory, to the traditional framework allocating to a
monetary authority the care of stabilizing the price level and to a fiscal au-
thority the care of guaranteeing the balanced government budget, can be
substituted a very different vision of the respective roles of these two insti-
tutions and of the economy equilibrium which results from it. There is in
particular an equilibrium situation, meeting in all respects to the require-
ments of a rational expectations equilibrium, characterized by a fiscal au-
thority "dominant" within the meaning of Sargent and Wallace (1981), and
"passive" monetary authority, allowing the stabilization of the public debt.

In the simplest form of the thesis, which is presented in the pioneer article
of Leeper (1991), the monetary authority conserve the control of long run
inflation rate but loose the control of the short run price level. As it has been
shown by Sims (1994) and Woodford (1994), the price level established is then
the only one that verifies the intertemporal government budget constraint
which becomes an equilibrium condition rather than a traditional constraint.

The thesis is provocative and has received a mixed response from the pro-
fession. Buiter (1999), Cushing (1999) and McCallum (2001) believe (per-
haps rightly) that it is risky to suggest that the fiscal authorities do not have
to worry about their solvency. But these criticisms are essentially external
and do not affect the convictions of the supporters of the theory, which are
based on the logical analysis of rigorous and orthodox models.

It is also possible to understand the Fiscal Theory of the Price Level by
reviewing the validity conditions of the Ricardian equivalence setting high-
lighted by Barro (1994). The latter only applies when the fiscal authority
ensures the government solvency by respecting its intertemporal budget for



any sequence of the price level. In the terms of Woodford (1995), the fiscal
authority adopts then a Ricardian policy; in the terms of Leeper (1991), the
fiscal authority is "passive" and leaves the monetary authority pursues an
"active" or "dominant" policy allowing to control inflation.

If, on the contrary, the fiscal authority adopts a non Ricardian policy,
the intertemporal government budget constraint holds only in equilibrium.
The present and future taxes (and seigniorage) have then a direct effect on
the price level and the latter is determined, even though monetary authority
is content to set the nominal interest rate at a constant level, contradicting
thus the results of Sargent and Wallace (1975). In this case, the Ricardian
equivalence! does not hold because notably of the effect of the price changes
on the amount of the inflationary tax borne by private agents.

In two independent contributions, Cushing (1999) and Bénassy (2000)
study the consequences of pegging the nominal interest rate in the presence
of another source of failure of the Ricardian equivalence linked to a particular
form of heterogeneity among households. The heterogeneity comes from the
regular arrival of new families (or "Dynasties") over time. As Weil (1987,
1991) has demonstrated, the arrival of these new agents, gives to the studied
model some of the characteristics of an overlapping generations model and
explains notably the existence of wealth effects, which are absent in the model
with a representative agent.

But, while Cushing (1999) tries to show that the price level is always
indeterminate in the presence of these effects, even locally, Bénassy (2000)
shows, more clearly according to us, that the "nominal" indeterminacy de-
scribed by Sargent and Wallace (1975) disappears around the steady state
which is locally determined. There is nevertheless, as a general rule, an-
other stationary equilibrium locally indeterminate towards which converge
the multiple trajectories emphasized by Cushing (1999).

The link between these results and those of the "fiscal theory of the
price level" is not immediate. The presence of wealth effects does not any
more allow to consider a simple fiscal rule as satisfying or not satisfying
the criteria of a Ricardian policy. The difference between the conclusions of
Cushing (1999) and Bénassy (2000) actually results from the little operational
character of this concept in a non Ricardian world.

The model developed in this paper proposes a generalization of Cushing
(1999) and Bénassy (2000) in the case of more complex monetary policies
evaluating a nominal interest rule more or less active, but always respecting
a zero lower bound. We study more exactly the interactions between mone-
tary and fiscal policies within the framework of a non Ricardian model with

1Or, more precisely, his extended version to the presence of money.



capital accumulation. Actually, we pursue the works of Annicchiarico (2007),
Annicchiarico, Giammarioli and Piergallini (2006) and Leith and von Thad-
den (2007) who share this concerns but do not take into account the zero
lower bound on the nominal interest rate. Taking into account the wealth
effects and the respect of the zero lower bound on the nominal interest rate
make the global dynamics of this economy strongly non linear and complex
and this, in spite of the simplicity of the adopted monetary and fiscal policy
rules. We can notably see coexisting four types of equilibria described by
Leeper (1991) in the founder article of the "Fiscal Theory of the Price Level
", but for one set of economic parameters. We notably show that a liquidity
trap, also characterized by a higher real interest rate and a higher level of real
debt, possesses the usually required properties of determinacy, like the more
traditional equilibrium targeted by the monetary and fiscal authorities. The
model is calibrated on annual data and allows to estimate the implications
of a fiscal shock according to the reached long run equilibrium.

The article is organized in the following way. In section 2, we build the
model of a non Ricardian economy with money and capital. The section 3
studies the steady state equilibria. The section 4 is dedicated to the study
of the local properties of the equilibria and proposes a discussion about the
global dynamics. We make, in section 5, some stochastic simulations of fiscal
shocks according to the reached equilibrium but also to the exactly adopted
monetary policy.

2 The model

We use an expanded version of Weil’s (1987, 1991) overlapping-generations
structure. The economy consists of many infinitely-lived families of agents.
Each period new and identical infintely-lived families appear in the economy
without initial wealth. The economy also consists of identical infintely-lived
firms using capital and labor to produce a unique good, of the fiscal authority
(the Government) and of the monetary authority (the Central Bank). We
use a stochastic framework and we assume that markets are complete.

2.1 Households

In period ¢, the economy is populated by a large number N; of agents. Each
period a new dynasty appears consisting of (N, — N;_1) = nN;_; agents
where n > 0 represents at the same time the population growth rate and the
birth rate.



Each household belonging to the dynasty j < ¢ has preferences defined
over consumption and real money balances described by the utility function:

[e'e) - M‘S
E, Zﬁs ty (Cj,57 ?J) (1)
s=t s

where FE; denotes the mathematical expectations operator conditional on
information available at time ¢, § € [0, 1] represents a subjective discount
factor, and U (+,-) is a period utility index assumed to be strictly increasing
in its two arguments and strictly concave. The variables, c;;, P, and M;,,
represent respectively, the consumption of the household j in period t > j,
the price of consumption good, and the nominal money balances held by
household j in period t > j.

At the beginning of the period ¢, the household j < ¢ holds the initial
nominal wealth, Vj,, defined by:

Vie=M;; 1+ (1 —6+ k) Pkjs + Dj, (2)

where (1 — 0 + ;) P,k;; is the nominal value of the capital stock, including
the capital incomes net of depreciation, and D,; is the beginning-of-period
state-contingent value of all other financial assets, wether privately issued or
claims on the Government.

In each period, agents supply an inelastic and constant amount of labour
and receive a real wage, w;;. Each agent uses his total financial wealth aug-
mented by the wage incomes net of taxes, F;7;;, to consume and to re-
constitute his financial holdings. We can write the household’s flow budget
constraint as follows:

Pcji+ M+ EQuii1 D)1 + Pikjn < Vi + Po(wjy — 7j4) (3)

where Q¢ 141, is the stochastic discount factor?.
Markets are supposed to be complete. This assumption implies the exis-
tence of the risk-free one-period nominal interest rate defined by:

1+ = [EtQt,tJrl]_l (4)

Finally, the household is subject to an appropriate set of borrowing limits
which prevents "Ponzi Games". In the absence of financial market frictions,

2To be more precise, Q¢,1+1 is the asset price in period ¢, that gives one unit of money
in a given state of the world in period t + 1, weighted by the probability (or density
function) of such state. E;Qy 41D +41 can be rewritten as > q¢¢4+1D;141 (wWhere g1
is an asset price) and represents the state-contingent assets portofolio. We have more
generally: Qi1 = Q11 X Qey1,042 X oo X Qr_1,7 and Qyy = 1.
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the borrowing constraint takes the form:

Vigr1 2 — Z Ey1 Qi1 e Pe (Wi — Tjig)] Vi, Vt. (5)
k=1

This constraint implies that the household cannot borrow in period ¢ an
amount greater than the present discounted value of future labor incomes
net of taxes in each state of the world that may be realized at date t 4 1.

The representative household of generation j maximizes his intertemporal
utility (1) subject to the budget constraint (3) and the borrowing constraint
(5), where Vj; is defined by equation (2).

Denoting Uy, (t) = OU (z14, x24) /Oxiy, © = 1,2, the first-order conditions
for this maximizing problem can be written as follows:

U, (t+1) Pri
B—ch Ol Qt,t+1_Pt (6)
U,,. (¢ '
ch (t) 1+ (N
P\ *
(EtQt,t+1 ]t; ) =14+ K —0=Ry (8)
)
7
EiQi141Vj1 + Picjy + ﬁMj,t =V + P (wjr—Tj4) 9)
¢
TEI_EOO EtQt,TVj,T =0 (10)

Equation (6) is a stochastic Euler equation summarizing the intertempo-
ral arbitrage between present and future consumptions in each possible state
of the world. Equation (7) represents an arbitrage condition between real
money balances and present consumption. Equation (8) is a no-arbitrage
condition relative to the saving choice in terms of capital accumulation or in
terms of nominal state-contingent assets. Note that the net return on capi-
tal, K, 1 — 0, is not associated to an expectation operator because we assume
a risk-free production. Thus, R; represents the real risk-free gross interest
rate, and it is known in period ¢t. Equation (9) is the household j’s balanced
budget constraint obtained by combining equations (3), (2) and (8). Finally,
Equation (10) corresponds to the transversality condition and states that the
discounted value of the financial wealth (or debt) tends to zero when time
goes to infinity.

Iterating Equation (3) forward, with the use of (10), leads to the following
household j’s intertemporal budget constraint:



—+o00 .
i
Vie=E ) Qus lPst,s 1 Mis = P (Wi = 7)) (11)

S

In order to obtain an explicit outcome for individual consumption, one
specifies the utility function as follows:

M;, M;
U(cj,t, Pt)—glncjt—l—(l—g)l Pi*t

Equations (6) and (7) can be rewritten as:

Fiejy = Bith,t+1Pt+lcj,t+1 (12)
and

Pijr = ¢ [Ptcgt + 1 _'_ — M,

Introducing these results into equation (11), one can easily show that the

optimal consumption of agent j is a constant fraction of his consolidated
wealth (financial wealth + human wealth).

Picjy = &§(1 = B) (Vi + Pihjy) (13)

where

hj = _EtZQts sz Tj,S)]
s=t

is the household j’s human capital and corresponds to the discounted value
of future labor incomes net of taxes.

2.2 Aggregation

Noting that the generation j is composed of N; — N;_; agents, the following
aggregation rule is applied to get per capita aggregate variables:

N; — N;_
T = Z(JTtﬂl)xﬁ (14)
j<t

for zj; = cj+, V;, as well as M, D;; and k.

We assume that the agent’s inelastic supply of labor corresponds to one
unit of labor, whatever the age of the agent, and we assume that taxes are
independent of the age. Therefore, w;; = w; and 7,; = 74, Vj and so that
hjt=hy Vj.



Finally, notice that applying the aggregate rule (14) in period ¢ to the
variable Vj .1, we get:

(N; = Nj1) Nyt~ (V; — Nja)
N. — N._ n
= (1+n) LZ B = Ny t+1j 1)V},Hl 7 +th+1,t+1
j<t+1
= (1+n)Vin

since Vii1+41 = 0, the dynasty j = ¢ + 1 having no financial wealth in period
t+ 1.

Using this result and applying the aggregate rule (14) to equation (12)
where we replace P,11c¢j,4+1 by its expression given by equation (13) expressed
in t + 1, we obtain:

Py =€(1—0) ﬁith,tH [(1+n) Vier + Pryahiga]

Finally, by incorporating (13) expressed in t+ 1 in the previous equation,
it can be rewritten:

Py = B Quis1Prricir +n€ (B = 1) Qus1 Vi (15)

This equation is the aggregate stochastic Euler equation which differs
from the individual Euler condition (12) as long as the population growth
rate is different from zero®.

Defining

P\t
Rt,t+1 = (Qt,tJrl ;— ) (16)
t

as the stochastic gross real interest rate corresponding to real return of the
state-contingent nominal asset!, we rewrite equation (15) as:

¢ = 5_1 Ct+1 n \PVZH/PtH
Ryt Ry
Where\If:ng(ﬁfl—l) >0ifn>0.
The aggregate Euler equation includes a real wealth effect which is charac-

teristic of a non Ricardian economy. The growth rate of individual consump-
tion is greater than the aggregate growth rate, reflecting the heterogeneity of

(17)

3Recall that in Weil’s model the population growth rate couldn’t be negative since the
absence of death.

N -1
4Note that according to (8), we have: R; = [Et (1/Rt7t+1>} .
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individual wealth. An increase in the expected beginning-of-period financial
wealth in t+1 benefits only to currently alive consumers in period ¢ and thus
it can’t be proportionally distributed amongst present and future aggregate
consumptions.

2.3 Firms

It is assumed that there exists a larger number of competitive firms with
access to a standard neoclassical technology:

Y; = F (K4, Ly) (18)

where Y;, K; and L; denote the aggregate levels of production, physical
capital and labour demand, respectively. The production function is homo-
geneous of degree one, concave, twice continuously differentiable and satisfies
the Inada conditions®.

Firms are price takers in input and output markets. In a competitive
equilibrium, labour market clearing requires L; = N;. Let ky, = K;/N; and
y+ = Y;/N; denote the per capita capital stock and the per capita output, we
have:

Y = F (k1) = f (k) (19)

Competitive profit-maximizing firms leads to the standard conditions that
factor prices equal their respective marginal products:

ke = fr (k) (20)
wy = f (kt) — Ik (k’t) Ky (21)

Given the constant return to scale, factor payments exhaust firm revenues.

2.4 Monetary and Fiscal Authorities

The Government collects lump-sum taxes in the amount of P,7T;, spends P,G,,
prints money M; and issues one-period nominally risk-free bonds B; at the
nominal price of (1 + ;)"

Denoting:

Qt - Mtfl + Btfl (22)

the total beginning-of-period ¢ government debt, including money balances,

®Production function satisfies: F(0,1) = 0, Fy, (k,1) > 0, Fy (k,1) <0, %ir%Fk. (k,1) =
0o, and %in%)Fk (k,1) =0.



the Government flow budget constraint can be written:

Q ?
t t

2.4.1 Fiscal Rule

We assume that in order to determine the amount of the lump-sum taxes,
the fiscal authority applies the following simple rule:
Qt Z't Mt

P L My
R R )

(24)

The first term on the right-hand side of equation (24), z;Y;, represents
the part of taxes proportional to the output. z; is a choice variable of fiscal
authority, but it’s perceived by agents as stochastic. The second component
reflects the fact that the government debt is partially backed by direct taxes.
It generalizes the rule proposed by Leeper (1991) to the total government
debt, €2, instead of B;_;. The parameter 6 verifies : 0 < 0 < 1. Finally, the
Government transfers all its seigniorage revenues, ﬁMt /P, to agents. The
last two assumptions will considerably simplify the model by neutralizing the
effects of seigniorage on the total government debt dynamic.

The government expenditures are assumed to be proportional to the out-
put:

Gy = 9.V, (25)

where g, is determined by fiscal authority but it’s also perceived as stochastic
by the agents.

Inserting (24) and (25) into the budget constraint (23) and using the
definition of the nominal gross interest rate (4) and the definition of the
stochastic real gross interest rate (16), we obtain the equation:

W41 1
b (Rt;l) T 1+n (L= 6w+ (0 = =) ] (26)

which describes the dynamic of the total per capita government debt in real
terms: w; = /P, N;.

To simplify the analysis, we will assume that in long run the fiscal au-
thority imposes the condition: g = z, in order to guaranty that the primary
deficit can equal zero when the debt is entirely paid back.

10



2.4.2 DMonetary Rule

Taking up the assumption introduced by Leeper (1991) and then generalized
and popularized by Taylor (1993, 1999) we assume that monetary authority
has, in the short-run, leverage over the nominal interest rate that responds
to the deviation (or the ratio) of inflation from its long-run target, II.

In order to take into account a lower bound constraint on the nominal
interest rate’, we specify the following class of non linear monetary rules:

1+ iy = @ (R, ;1) (27)

where R, is a gross real interest rate target and the function ® (-) is assumed
to have the following properties:

d (R,f[; 1:1) RIT VII such as RII > 1,
o) > 1 VR,, VI, (H1)
Pn() > 0, Pr () >0.

The first condition helps to guaranty that the inflation target II can be
reached at stationary state when the real interest rate target, R, equal the
long run value of the real interest rate, R, as long as the resulting value of the
nominal interest rate is strictly positive’”. The second condition generalizes
the zero lower bound on the nominal interest rate constraint to all possible
values of the gross real interest rate target and the gross inflation rate. The
two last conditions help to preclude atypical rules. We can verify that the
following rule respects all previous conditions:

I, \ *
a < M ) +1—a
where 0 <a <1, 72>0 and ¢ >0.

The case where R, represents a constant target, i.e. R, = R V¢, is often
used in the literature, notably by Taylor (1993). Nevertheless we will analyze
the case where R, is equal to the real gross interest rate, i.e. R, = Ry, that
could be wise to stabilize inflation around its target when the stationary level
of capital is not yet reached.

P (Rt, Ht, 1:[) — max {Rt]:[

;1+Z} (28)

6This point was analysed particularly by Benhabib, Schmitt-Grohé and Uribe (2001).

"Taking into account the logarithmic form of the utility function, the zero bound on
nominal interest rate can never be reached. A positive lower bound, i > 0, has to be
defined (see Alstadheim and Henderson [2006]). The limit case ¢ = 0 can be considered in
a cashless economy, when £ = 1.
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2.5 Market Clearing

In equilibrium, the surplus of state-contingent assets supplied by agents
equals zero thus their financial holdings are composed of government bonds,
money and capital:

Vit _ M, + B,
Py P

+ Rk = Wi + Rikyyy

It follows that the stochastic aggregate Euler equation (17) takes the

form: R
c w
¢ — 5_1 W tRt4+1

Ry 41 Ryg1a
Using (8) and (20), we define the function R (k.y;) that determines the

value of the gross real interest rate according to the capital accumulated in
t:

Ry =1—=05+ fi (k1) = R (k1) (29)

Equilibrium is then described by the following set of equations:

_1 Ct4+1 Wit1 R (ktﬂ)

C = + ¥ + k 30
e =P Ry 11 Ry i1 Ry 41 i (30)

1
ki1 = Ton [(1—=0) ki + (1 —g¢) - f (ke) — ] (31)

Wi41 1
() - sl wr -z f k) @)
E, ( ! ) -1 (33)
Ry R (k1)
1 1

FE = - 34
' (Rt,t+1ﬂt+1) I+ (34)
1+, = @ (R, ;1) (35)

If the period t + 1 is characterized by S;;; possible states of the world
then the later system of equations is composed by 5+ S;.1 equations allowing
to find the values of ¢;, ki11, we, 11y, 3 and the S, values of R, 41, subject
to equilibrium existence and uniqueness. Notice that it is possible, in theory
at least, to eliminate the variables, 7; and R;:y1, both non-predetermined
and non-dynamic, in order to reduce the size of the system. So we can
consider a representation® composed of four dynamic equations where two

8 Appendix 4 gives details of such a representation.
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variables, ¢; and II;, are non-predetermined and two variables, k; and x;, are
predetermined, with z; = Ilw, = (M;_1 + B;_1) /N¢P;_1. This choice would
theoretically permit to solve the problem posed by the dynamic status of
wy = (My_1 + By—1) /NP, and 11; = P,/ P,_1, whose values can jump but not
independently of each other. More satisfactory from a conceptual point of
view, such a representation is not sufficiently malleable on a technical level.
We will use later in this paper sneaky ways to analyze the previous model.

3 Steady State

A deterministic steady state equilibrium is a vector (¢, k,w,II) verifying a
four equations system which is obtained by deleting the indications of time
and uncertainty in equations (30) to (35), by using ¢ = z, and by replacing
i in (34) by its value given by (35). One obtains:

[R (k) — ﬁ’l] c= U [R (k) + w} (36)
c=1-g)f(k)—(n+d)k (37)
14+n
{R%)—u—eﬂw:o (38)
and:
Rk = & (R (39)
(=1+1)

The first three equations are independent of II. The system is then di-
chotomous and allows to find (¢, k,w) independently of the monetary policy.
For a given value of k, equation (39) allows to find the equilibrium value(s)
of IT according to the target, R which can ( or cannot ) be chosen to be equal
to the actual steady state value of R (k).

Notice that this long run dichotomy is not a fundamental characteristic
of such a model. This it is one of the consequences of the assumptions that
we had adopted about the use of a simple monetary and fiscal rules, on the
one hand, and the use of the variable w, the beginning-of-period real debt
instead of x = Ilw, the end-of-period debt, on the other hand.

3.1 Equilibrium Inflation

We begin this subsection by analyzing the equation (39). According to as-
sumption (28), and when the real interest rate target coincide with the long

13



run real interest rate : R = R (k), (39) has at least one solution corresponding
to the inflation target, II.

Benhabib, Schmitt-Grohé and Uribe (2001) show that the possibility of
the existence of a second steady state equilibrium is one of the unexpected
consequences of the zero lower bound on the nominal interest rate. It is
notably the case when the rule is active ¥ in the sense of Leeper (1991), that
is when the elasticity of the function ® (-) with respect to II; is greater than
1, when II; = II. A second equilibrium appears, corresponding to a lower
inflation rate, potentially negative and reminding the Keynesian liquidity
trap. We illustrate this case by the following figures where we assume that

R =R(k):

A @(Te,n) 711

1+i ] 1+i

x
=
alf S

Figure 1 Figure 2

Figures 1 and 2 represent the function ® (-) given in the example (28),
when ¢ > 1. The figure 1 corresponds to the case: (1 —a)RIl > 1+ i and
the figure 2 corresponds to the case a = 1. In the later case, the function
® (-) crosses the horizontal axis defined by 143 for a value of II greater than
(1+14) /R, which determines the lower equilibrium value in IT** = (1 + i) /R.
The associated nominal interest, ¢, is in its minimal value , i, and then the
liquidity trap is reached.

90ne can also say that such a rule respects, locally, the "Taylor principle". The initial
condition retained by Leeper (1991) is slightly different. Leeper formalizes a linear rule
without referring to the interest rate target before linearizing the other equations of the
model.
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3.2 Debt, Capital and Interest

We rewrite the steady state equilibrium condition (38) in a slightly different
form:

Hf;})—é(k)}w:o (40)

and the condition (36) in the two alternative forms:

<
w = U'[R(kE) -Be—R(k)E (42)

Equation (40) admits two evident solutions, w* = 0 and R (k**) = %,

corresponding to two stationary equilibrium vectors of the variables ¢, k and
w. In what follows, we will study the properties of these vectors.

3.2.1 ‘“Autarkic Equilibria”

First, we study the solution corresponding to a zero public debt in steady
state. The equation (41) together with equation (37), allows to obtain the
value of the capital stock per capita and the consumption per capita in an
implicit form. We get:

w' =0 (43)
R = R(k*):% (44)
¢ = (L=g)f(F)—(n+0)k" (45)

The second equation allows to verify that the equilibrium gross interest

rate, R*, verifies:
R*>p!

where 57! is the gross interest rate in the Ricardian economy, obtained by
assuming that n = 0.

Because the parameter ¥ given by n& (671 — 1) is weak, the gap between
R* and 7! is likely to be low. Besides, the value of the equilibrium debt
equals zero, as in the Ricardian case!’. With reference to the standard OLG
model, where this kind of equilibria corresponds to the absence of exchange
among generations and Government intervention, we call this first kind of
equilibria: "Autarkic Equilibria".

10Since the equation (40) has to be verified when U = 0, the stationary debt level is:
w® =0 in the ricardian case.
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3.2.2 “Debt Equilibria”

The second solution of equation (40) allows to compute the equilibrium value
of the real public debt according to the equation (42). One obtains:

k% —1 1+n_ —1 **_1+n *k

w*r o= v (1_9 B¢ 1_9k (46)
~ 1

R* — R(k™) = 13} (47)

¢ = (1=g)f(K) = (n+0) k™ (48)

where the values of £** and ¢** in (46) are given by (47) and (48), respectively.
Comparing the Autarkic and Debt Equilibria, we can express the follow-
ing proposition, the demonstration of which is given in appendix 1:

Proposition 1 The real value of the per capita public debt is positive in a
Debt Equilibrium if and only if the associated real interest rate is greater than
the Autarkic real interest rate, i.e.:

_1—|—n

r 1-0

> R <— w™ > 0.

Afterward, we will assume that the condition:

1+n
R*

is satisfied which guarantees the positivity of w**.
An example

Assuming that the production function is of the kind: f (k) = Ak, the
equation (29) allows to rewrite the real gross interest rate according to the
average productivity of capital:

0>1-

(H2)

R(k)y=1-5+af(k)/k=R.

Using this result and denoting the real debt-to-GDP ratioby & = w/ f (k)
and combining the equations (36) and (37), one obtains :

R—_ﬁ‘l((l_g)_ a(n+5)) ___aR

W=

v R—-1+9¢ R—-1+96

which is monotone and increasing for R > 3! and that can be evaluated in
R=%and in@ =0.
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We adopt the following annual calibration for the model’s parameters :

Table 1:

Definition Parameter Value
Discount factor: 15} 0,96
Consumption weight in utility function: 19 0,95
Capital share of output: « 0,3
Depreciation rate of capital: ) 0,1
Population growth rate: n 0,02

g

z

0

Public expenditure-to-GDP ratio: 0,2
GDP parameter in the fiscal rule: 0,2
Debt parameter in the fiscal rule: 0,025

implying that ¥ = n¢ (B_l — 1) ~ 0.00079. We easily obtain the following
values of the real gross interest rate in the Ricardian, Autarkic and Debt
Equilibria, respectively :

Table 2:

Real Interest Rate

Ricardian Equilibria Interest Rate: 81 —1=4,17%
Autarkic Equilibria Interest Rate: R* — 1 = 4, 48%
Debt Equilibria Interest Rate: R* —1=4,62%

The real debt-to-GDP ratio corresponding to a Debt Equilibrium is:
@™ = 0.99, approximately 100%.

3.3 Multiple Equilibria

The presence of wealth effects generates, in the case of simple fiscal rule as
used in our model, two possible configurations in the long run for the vector
of real variables (¢, k,w). The first configuration is very close to the one
(unique) described in the Ricardian economy. Consider a naive version of
the dynamic equation of the real debt (32), with g; = z;, supposing that the
gross interest rate equals its long run value R* and neglecting the uncertainty:
Wi+l 1-6

R* 14n

We observe that the real debt convergence to its stationary value, w* = 0,

is insured by the assumption (H2): # > 1 — (1 +n) /R*. Using the Leeper’s
terminology, the envisaged fiscal rule is said to be (locally) passive around
this equilibrium. Such a condition is not insured around a Debt Equilibrium,

Wi
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when R* = (1+n)/(1—60). The endogenous real interest rate does not
allow our simple fiscal rule to offset the increasing level of the debt burden
associated to a higher debt. In Leeper’s terms, the fiscal rule is said to
be (locally) active in R**. It is this mechanism which is responsible for the
emergence of a second steady state configuration.

We remind that in section 3.1 we have found that, for a given level of the
real interest rate, two values of the steady state inflation rate existed, when
one of the two was associated to an active monetary policy. Each of the two
gross interest rates R* and R** could be associated to two possible inflation
rates, so our economy potentially admit four equilibria. These equilibria are
represented on the figures 3 and 4, each representing a particular version of
the monetary rule:

1+i 1+i

i

1+i 1+i
= '

|
|
|
|
|
L
|
|
:
m I

R

Figure 3 Figure 4

In the first case, represented on figure 3, the monetary rule depends on
a constant real interest rate target!!, corresponding to the Autarkic Equilib-
rium : R, = R*. If the actual real gross interest rate is R** then the target
IT does not be reached and an inflationary bias appears. In the case of the
rule (28), with a = 1 (and always ¢ > 1), this inflationary bias is given by :

In the second case, represented on figure 4, the monetary rule depends
on the current real interest rate: R, = R;. As we can note, this rule presents
the advantage of not making the long term inflation rate depending on the
equilibrium value of the real interest rate, except in the liquidity trap. So,
the inflation target II can be reached in R* and in R**. On the other hand,

The rule used in this case is similar to the Leeper-Taylor’s rule.
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the assumption adopted about the representation of a liquidity trap does not
allow us to obtain the uniqueness of the lower inflation rate'?.

To resume, our four equilibria correspond to the four configurations de-
scribed by Leeper (1991), but unlike the case of the Ricardian economy (and
without liquidity trap) considered by Leeper, these four equilibria can exist
for a unique configuration of the fundamental parameters. In the following
section, we will verify if these four equilibria have, locally, the same dynamics
properties as those analyzed by Leeper.

4 Dynamics and Stability

In order to study the dynamics of the economy, we start by analyzing the
local stability around the stationary equilibria. Then we discuss these results
from a more global point of view.

4.1 Local dynamics

As we have already noted, the most relevant linearized model would be the
one constituted of the predetermined variables k; and x; = (M1 + B;_1) /NP4
and the non predetermined variables ¢; and II;. Then the Blanchard and Kahn
(1981) conditions would theoretically allow to characterize the local dynam-
ics of the four stationary equilibria. We shall adopt this procedure, in the
last section, in order to simulate numerically the model, but the dimension
of the system does not allow us to characterize analytically the equilibria.
On the other hand, the system composed of the variables ¢;, k;, w; and II;
offers some interesting possibilities that we are going to investigate.
Because one of the variables, w;, could equal zero in the long run, we
linearize the equations (30) to (35) around any stationary equilibrium, by
defining each variable in difference : 4; = u; — u, where u represents the
variable u; evaluated in one of the stationary equilibria. We obtain :

N o v e+ Dw .
c; = %Etcﬂrl + EEtCUtJrI + (‘I, - B R2 fkk) EtktJrl (49)
A 1 A A A
ki = o (R-9fidko—é— f-4) (50)
. R . wfik- R S
B = et + %kﬂ—l + 1—0——nf (9r — ) (51)
. . I, -
Eifreyr = e+ (g — 1) 5 finkern (52)

121¢ would not be the case if the represented function ® () corresponded to the case
(I1—a)R'II>1+413.
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where ¢, = II®/® and ¢ = RO/ P are the elasticity of the function ® (-)

and where we have used R** = %.

Denoting Y, = [ ke @ & 7 }/, the vector of the endogenous variables,
using the long run equations (36) to (39) and neglecting the shocks ¢; and
Z;, the equations (49) to (52) could be combined in order to get the following
state-space form :

Etf/t-i—l = J4 (ka w, G, 7T) : }A/t (53)

where the Jacobian matrix Jy (k,w, ¢, 7) is given by:

o 0 1 0
R i-‘rn " R ) 1+n "
J4 () — 1+n fkk R** R** _m{gfﬁ 0 (54)
= B o
z;ljgék (el — \IffR) —wB BR- %ﬁli 0
ﬁ(ﬁsﬂf—l)ﬁfkk 0 _(¢R_1)§1+L’Z .

The vector Y; is composed of a predetermined variable, l%t, a non prede-
termined variable, ¢;, and the two variables w; and 7;, both potentially non
predetermined but linked to one another by the relation:

1 w

(I)t - ﬁi’t - ﬁﬁ't
where 7; is predetermined. It is therefore necessary, in order to apply the
Blanchard and Kahn conditions, to consider one of the two variables (7; or
@) as predetermined and the other one (w; or 7;) as non predetermined.
The matrix Jy (k,w,c, ), evaluated in one of the stationary states, has to
possess two eigenvalues inside the unit circle and two eigenvalues outside in
order to let the associated equilibrium locally determined.
The interest of the matrix Jy (k,w,c,m), with regard to the Jacobian
matrix Jy (k, z, ¢, m) which would be associated to the vector variables YZ =
ke & & 7o ] , lies in its decomposability property. The three first lines
of the last column are composed of zero, what means that we can study
the properties (the eigenvalues) of the sub-systems J; (k,w,c) and J; (7)
independently of each other, with :

R—gfk 0 1
R— }Jrn w R 11+n w
Js (k,w,c) = oo Jek 7 ~Tn R
_ c+d]1EE W3R
Sl d) i - WBR) —wpefs R - RS

(55)
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and :
Jl (ﬂ-) = ¢7r

The eigenvalue associated to J; () is its unique component, ¢.. If the
function ® (-) is of the form used in the figures 3 and 4, we have ¢, > 1
in II, as well as in IT**, and ¢, = 0, around the liquidity trap equilibria in
(1+3)/R* and in (1 +14) /R*™.

The sub-system J3 (k,w,c) is easier to study when the type of the con-
sidered steady state is specified.

4.1.1 Autarkic Equilibria

In the autarkic steady state equilibrium, the real debt equals zero, which
allows to simplify the matrix J (k,w,c) :

R =gl 0 __1
1+n P 14+n
J3 (k*vw*7C*) = 0 R** (J)c*
R —gff [ «[L R* c*kk _WRR*
Ton (C i \116R*> —Uhpe PRT -

Rearranging the variables, it is once again possible to decompose this
matrix into two sub-systems J, (k*, ¢*) and Jy/ (w*), with :

R*—gf} __1
14+n 14n
* * *
- * * * *f *
RESC)= N oo (ohi _gape) gre_ cEowem
1+n R* 1+n

and:
Jll (W*) — R*/R**
Under the assumption (H2), the eigenvalue R*/R** is strictly less than 1
and we show, in the appendix 2, that the condition :

(I+n)—(1-=9d)g
l—g

is sufficient for the matrix J5 (k*, ¢*) to admit one and only one eigenvalue less

than unity in absolute value. These results are summarized by the following

proposition':

R <

(H3)

13See appendix 2 for the démonstration. We verify that the condition (H3) is implied
by (H2) for the calibration that we held in the example in the section 3.2. In general, the

assumptions (H2) and (H3) can be summarized by: R* < min (%f%; w%é}iﬁ) .
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Proposition 2 Under assumptions (H2) and (H3), the autarkic equilibrium

associated to the inflation target, 11, is locally determined when ¢, > 1. The
liquidity trap equilibrium is locally indeterminate.

Equivalent results are obtained in the case of Ricardian economy by
putting n = 0 and by replacing R* with 3.
4.1.2 Debt Equilibria

The matrix J5* = J3 (k**, w**, ¢™) corresponding to the Debt Equilibria is
obtained by putting R = R** in (55). One obtains :

R —gft* 0 e
1+n 1+n
- R™ —g /5™ paon w** 1 1 prkew*
J3t = Ttn Jkk R+ 1+n/ kk R**

*k * % * % **l&k_i * %k
R gfk (C**fk_k - \I[/BR**) _\I’/B /BR** _ CTRRk YER

14n R** 14+n

In appendix 3, we analyze the characteristic polynomial P** () associ-
ated to this matrix which allows us to show that the matrix J3* admit one
eigenvalue in absolute value less than unity and two eigenvalues, greater than

unity. One can deduce the following proposition!*:

Proposition 3 Under the assumption (H2) and (H3), the "debt" equilibrium
associated to the higher inflation rate, 11 or II**, is locally overdetermined
when ¢, > 1. The trap equilibrium is locally determined.

4.2 Global dynamics: Discussion

Based on propositions 2 and 3, it can be verified that the four potential
stationary equilibria of our economy have locally, the properties of the four
possible configurations of fiscal and monetary policies identified by Leeper
(1991).

Within the framework considered by Leeper, monetary and fiscal poli-
cies simultaneously passive lead to indeterminacy and active policies'® to
overdetermination (instability). Only the configurations where one of the
two policies is active and the other passive provide the determination, 7.e.
the local uniqueness, of the equilibrium.

14The proof is in the appendix 3

I5Recall that for Leeper, a fiscal policy is called active when the fiscal authority pays
no attention to the debt stabilization objective. The rule is then not very reactive to the
level of debt.

22



Our results can be interpreted by mobilizing the concepts of active Vs
passive policies of Leeper, but with a difference. In our case, these four
configurations exist for or a unique set of the economic policies parameters.
The characterization of a policy as passive or active can no longer be global.

The difficulty with the definition of an interest rate policy corresponding
to a globally active monetary rule was noted by Benhabib, Schmitt-Grohé
and Uribe (2001).

The zero bound on the nominal interest rate (the liquidity trap) fails to
ensure the application of an interest rate rule sufficiently reactive to inflation
(active) when the rates are low. We have seen that the required non-linearity
of the Monetary rule doubled the number of stationary equilibria and no
longer ensured the determination of the Autarkic Equilibrium when the fiscal
policy was locally passive (reactive to the level of debt).

The second source of difficulty arises from the accumulation of debt. The
exchange economy considered by Leeper permits to characterize a simple
fiscal rule whose properties do not depend on the level of the initial public
debt!®

The mere presence of production and capital accumulation is not suf-
ficient to modify this result. The Ricardian equivalence insulates the real
interest rate from the real debt level. However, the presence of wealth ef-
fects, characteristics of a non-Ricardian economy, result in the dependence
of the real interest rate level of the public debt. In this case, a simple fiscal
policy no longer compensate for the increasing burden associated with a high
real debt, even if it is sufficiently responsive (passive in terms of Leeper) for
a low level of debt (zero in our case).

Paradoxically, these are opposing characteristics of the two rules that we
used that explain the multiplicity of equilibria. The monetary rule would not
be a problem if it was linear!”, and a non-linear fiscal rule, becoming more
responsive to the level of debt as the real interest rate rises, would easily
allow to ensure the convergence of debt to zero.

From another point of view, the double multiplicity of equilibrium results
from a double non-linearity: that of a interest rate rule which respects a
lower bound and that of a simple rule of public debt accumulation in the
presence of wealth effects. The most original result of our model lies proba-
bly in the coexistence of two steady state equilibria locally determined, that
is associated with saddle trajectories'® locally unique. The complexity of a

16The term "initial" can be misleading, insofar as the general level of prices can jump
so that the real Government debt is just covered by expected income, as in the highly
controversial "Fiscal Theory of the Price Level".

17"This would require the possibility of negative nominal interest rates...

18t is in fact about a stable variety of dimension 2, that is of " saddle plans ".
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universe of dimension 4 makes difficult a global analysis of stability. Natu-
rally, our results are enough to determine the absence of a global uniqueness
(or determination) of the equilibrium...

The most interesting question cannot have of definitive answer: the econ-
omy by being situated around an equilibrium without debt (autarkic) can it
jump, in the possible favour of an important shock (fiscal?), on a trajectory
leading it towards the debt equilibrium with liquidity trap? We emit the
guess of a positive answer. In such a case, our model could offer an alterna-
tive explanation to the more traditional explanations brought by Krugman
( 1998 ), Svensson ( 2001 ) and Eggertson and Woodford ( 2003 ) of the
Japanese recession of the 90s. For these authors, Japanese liquidity trap is
the consequence of a very negative shock on the natural interest rate in a
context of the inflation stabilization around a too weak target. The hypoth-
esis of a the liquidity trap of Benhabib, Schmitt-Grohé and Uribe ( 2001 )
explains the weakness of the nominal interest rates and the incapacity of the
monetary authority to stabilize the economy in such a context, but does not
allow to explain the entrance in recession and the persistence of this one'®.
Our trap and debt equilibrium does not have this defect. The higher level
of the real interest rate provokes an eviction of the private investment and
reduces well the level of the production. A last point deserves our attention.
the trap and debt equilibrium possesses the local properties of an equilibrium
of the kind " fiscal theory of the price level " that Leeper ( 1991 ), Sims (
1994 ) and Woodford ( 1994 ) presented and analyzed.

5 Simulation

In this section, we report the response of the economy to a temporary fiscal
expansion (2 < 0) . The fiscal change analyzed is assumed to correspond to a
decrease in taxes to 1 point of the autarkic GDP and the considered monetary
policy is a modified non linear Taylor Rule: 1 + i, = ® (Rt, Iy 1:1) . We use
the same calibration than in section 3.2.

The response of the economy to this kind of fiscal change has different
characteristics depending on whether the economy is Ricardian or not and,
when not, on the considered (Debt or Autarkic) Equilibrium.

When the economy is Ricardian a taxes decrease is represented by an
equivalent increase of the future public debt. In this economy the Ricardian

19We could even expect a more important level of activity in a model where the weakness
of the nominal interest rates reduces the level of the monetary distortions and increases
for the labor supply...

24



equivalence is satisfied what means that the higher public debt is not net
wealth for the agents. The taxes decrease has no effect on the economy.

In the Autarkic Equilibrium, a taxes decrease augments the public debt,
the real and nominal interest rates and the consumption and it depresses
the investment and the output. These results are easily explained. When
the Ricardian equivalence is not satisfied, a taxes decrease augments the
human capital of the current generations which fully benefit from the fiscal
expansion and share the future taxes increase with the future - not yet born
- generations. To increase their consumption the agents reduce their savings
which implies a higher real interest and as a consequence a decrease of the
investment. The inflation does not react to the taxes decrease because the
considered monetary rule completely stabilizes the inflation.

In the Debt Equilibrium, the economy is behaving in a very different way
and, actually, rather approximates the Ricardian economy. Around this equi-
librium, the real variables do not respond to the taxes decrease. In addition,
the real public debt decrease in the first period. In order to understand this
result, we should note that this equilibrium have the characteristics of an
FTPL?® equilibrium. A decrease of the fiscal incomes must be offset by an
equivalent decrease in the real public debt to ensure a balanced intertemporal
budget constraint of the government. This is allowed by a jump of the price

20Fiscal Theory of the Price Level determination.
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level in the first period. All these informations are summarized in Figure 5:
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The use of a more traditional (but non linear) Taylor rule, ® (R*, I1;; 1:[) ,
does not significantly modify the evolution of real variables. However, we
observe one difference, in the Autarkic Equilibrium, concerning the evolution
of inflation and the nominal interest rate. The use of a constant target,
R, = R*, appears to be less efficient for the stabilization of inflation. By
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targeting a real interest rate lower than the natural one (R* < R;), the rule
creates an unnecessary inflationary bias that has lasted as long as the interest
rate has not regained its stationary level. This bias clearly appears on the
graphs of figure 6 where the first period jump of the inflation rate in the Debt
Equilibrium has not been represented so as not to "crush" the representation
of the dynamics of the Autarkic Equilibrium.
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5.0.1 Convergence towards the Debt
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Appendix 1

Proposition 1 : The real value of the per capita public debt is positive in
the "debt" equilibrium if and only if the associated real interest rate is greater
than the "autarkic"” real interest rate, i.e.:

R™ > R < w™ > 0.

Proof : By reminding the concavity of the production function f (k), and
(consequently) the decrease of the function R (k), we verify that :

By using (44) that we remind:

. s
R =R = 1— Uk*/c*
we easily find :
-1 -1
R™ > R < b < b (A1.1)

1= (k*/c>*) = 1 =W (k*/c)
Now, by using the equation (41) :

5o BTV (w/e)
R =350/

evaluated in the autarkic equilibrium and in the debt equilibrium, one ob-
serves that :

ﬁfl 4 W} (w**/c**) - /871

ST T e ey 1= (k)

(A1.2)

By collecting the inequalities (A1.1) and (A1.2), we obtain finally :

ﬁfl _ /871 - /871 + V] (w**/c**)
1= (o) S 1= W (kjer) — 1= W (k= Jc™)

R > R <—

Or, more simply:
R > R <= w™ >0
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Appendix 2

Proposition 2 : Under the assumptions (H2) and (H3), the autarkic equi-
librium associated to the inflation rate target, II, is locally determined when
¢, > 1. The trap equilibrium is locally indeterminate.

Proof : i) We show, at first, that the condition ( H3) is sufficient so that the
matrix Jp (k*, ¢*) admits one and a single eigenvalue lower than the unity in
absolute value. Let us remind, by convenience, J, (k*,¢*) :

R —gf} 1
* xy 1+n 1+*n
Jo (K, ) =\ megpr _GBRY) pRe - CHE-wE
1+n 14+n

Its characteristic polynomial is given by :

* * *fkk *
P*(\) = (Lgfk_)\) (53* —\IIBR_)\>

1+n 1+n
R —gf; (5 — wpR"
1+n 1+n
Let us calculate the critical values of P* (\). We find:

o du R
P*(-1) = (1+5R*)(1+R1+if’“)—< )>o

(1+n)
P*(0) = —1+gf’“ﬁR*>O

i
P = (1_ 1+€sz)(1_ﬁR*)+( (1+n) )

The signs of P*(—1) and of P*(0) are evident. Notice that R* > 37'; a
sufficient condition to guaranty that P* (1) is negative is given by : R*—gf <
1+ n. Using the fact that : R* =1— 9+ f}, the previous inequality can also
be written :

(I+n)—(1—=9)g
l—g
The polynomial P* (1)) is of degree 2, the condition P* (1) < 0 implied by
(H3), jointly with P*(—1) > 0 and P*(0) > 0 is sufficient to guaranty the
uniqueness of the eigenvalue inside the unit circle.

R <

(H3)
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ii) Notice that the eigenvalue of Jy/ (w*) verify : R*/R** < 1, one conclude
that the initial matrix J} = Jy (k*, w*, ¢*, 7*) has at least two eigenvalues less
than the unit and one eigenvalue greater than the unit ( in absolute value).
According to the sign of ¢, — 1, the equilibrium is either locally determinate
(¢, > 1), or locally indeterminate (¢, < 1).

I

Appendix 3

Proposition 3 : Under the assumption (H2) and (H3), the "debt" equilib-
rium associated to the higher inflation rate, IT or II**, is locally overdeter-
mined when ¢, > 1. The trap equilibrium is locally determinate.

Proof : We demonstrate that the matrix J3* = J3 (K™, w**, ¢**) admits one
eigenvalue in the absolute value less than the unit and two eigenvalues greater
than the unit. We show that its characteristic polynomial P** (\) has one
root in the interval [—1,1]. Let us remind, by convenience, J5* :

R*™*—gfz* 0 1
- l*tn 14+n
o R —gf;: ok W 1 1 sk W
J3t = Ttn Jkk R T+n kR
R™—gfg™ ( xx Jik ok wx  CEEE —UER*
T(C e~ UBR ) U5 AR - e

Its characteristic polynomial is given by :

where T**, S5** and D** represents the trace, the diagonal minor sum and
the determinant of the matrix J**, respectively, which are given by:

**f** ok
R — gfr cdik _ wBR
™ = —=% 1 R™) — >0
1+n +(1+B8R7) 1+n
wx Ik *k Kok o *k K
B T T n (14 BR™) 5(1+n)R**
D* = ——2(3R" >0
1+n p

Let us calculate the critical values and the derivative of P** (\). We find:

P = W R

kk
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and :

P (N) = =327 + 27\ — 5™

We show, at first, that P** (A) does not admit a root in [—1, 0]; then we prove
that it admits only one root in [0, 1].

)

P33 (A) is strictly negative in [—1, 0], the polynomial P** () is strictly
decreasing in [—1,0]. Given the sign of P**(—1) and of P**(0), we
deduce that P** (A) # 0 in [—1,0]. The polynomial P**(\) does not
admit a root in [—1, 0].

Observing that the polynomial P** (\) changes of sign between 0 and
1, it can have, either one, or three roots in [0,1]. In the last case, its
derivative should cancel twice in [0, 1]. Now, we have :

Pr(0)=—-5"<0
and

1+n

1+n

Pr=(1- )ere 1)

of which sign is positive when the hypothesis H3 is verified. P5* ())
cancels only once in [0, 1] and the polynomial P** (\) admits only one
root in [0, 1].

We deduce that the matrix J;* has one eigenvalue in the absolute value
less than the unit and two, greater than the unit. According to the sign

of ¢,

— 1, the equilibrium is either locally determinate (¢, < 1), or locally

overdeterminate (¢, < 1).
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Appendix 4

In this appendix, we derive the state-space form of the model composed
of the variables ¢, #,, k;, and Z; (rather than @;). We remind, by conve-
nience, the equations (30) to (35):

gttt g | Lo B (kt“)km (A4.1)

C =
t Rigs1 Rigr1 - Rit
1
b = o (=0 kot (1= g) - £ (k) ) (Ad2)
W41 . 1 _ _
Et <Rt7t+1) = 1 T [(]_ 9) Wt + (gt Zt) f (kt)] (A43)
E, < ! ) N (A4.4)
Rt,t-‘rl R (k‘t+1)
1 1
Ey | =———— = , A4.5
! (Rt,t+1Ht+1> 1+ ( )

From ( A4.1 ), we express the value of Ry ;. :

R(k
Wi41 + ( t+1)kt+1
Ct Ct

C

—14+1

Ry =0 o + v
t

that we inject in (A4.3), (A4.4) and (A4.5). By using the value of 1+, given
by the equation, defining the predetermined variable x; = IT;w; = %,
and rearranging the equations, we get:

_17-1
-1 C+1 Tit1
¢ = |E |- W(N—M )}
t [[ R (k1) Rk) ey

1

ki1 = 1+n (1= 0) ke + (L —g1) - f (ke) — ]
@ Rtaﬂt t
Tep1 = ((lfn)) {(1 —0) % +(9e —2) f (kt):|
& (R T) — R (kyi1) E, [ﬁflctﬂ + W (ﬁill + R (kys1) ktﬂ)] o
| By [yp) ™ [BilctJrl + 0 (ﬁi—ﬁ + R (K1) kt+1)] -

which constitute a system of four dynamics, stochastic and non linear equa-
tions, with 2 predetermined variables, k; and x;, and non predetermined
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variables, ¢; and II;. It is necessary to clarify the processes followed by ¢; and
z; - 2 additional predetermined variables - as well as the form of the function
® () and the value held for the real interest target R; to obtain a completely

specified system.

By linearizing the previous system around a some steady state, one ob-

tains :
E,é E,& E# B le+ Yw
~ —1 Htlt+1 tLt41 t/ht+1
- v v N R s
=Py g gt ( T kk)
. 1 . )
ki = 1+n<[R_gfk]k7t—Ct—f'gt>
) O Twfi s R R . TR .. .
By = wEimtn + %lﬁﬂ t ot T Tt H——nf (G — 2

. . Im, .
Bty = ¢+ (9o — 1) Efkkkt—i—l

E, ]%tJrl

where ¢, = [I®y/® and ¢, = RPr/P are the elasticity of the function  (+)

1+n

and where we used R™ = 155.

By denoting f/;,t = [ ke & ¢ ]/, the vector of the endogenous vari-

ables and ¢, = [ g 2 },, the vector of shocks, the previous equations can

be combined to obtain the state-space form as follows :
EYyr=Jp-Yoi+Jo 6

where the Jacobian matrix J, is given by:

R—gf, RS
no Ky g i 0 .
J %fkk an Pr R —gbR}—%;u—L(li’;L) (Cbn — ?) W
T = _ CM?\IJ . )
L (ol — WOR) —wp GRS pugty
(1;71;c (pr—1) L 0 —(pr—1) }_%(_1% or1
and J; by :
f(k)
T l+n 0
k
| TR ) A T )
e RAT5f (k)
—(0r—1) % (152)][ (k) 0
The evolution of the variable w; is obtained in a residual way:
. 1. w .
Wy = ﬁxt - ﬁﬂ-t



References

1]

2]

Aiyagari, R.S. and Gertler, M.(1985), "The Backing of Government
Bonds and Monetarism", Journal of Monetary Economics, 16, 19-44.

Alstadheim R. and Henderson, D. (2006), "Price-level Determinancy,
Lower Bounds on the Nominal Interest Rate, and Liquidity Traps", Con-

tributions to Macroeconomics, Berkeley Electronic Press, vol. 6(1), pages
1437-1437

Annicchiarico, B. (2007), "Government Deficits, Wealth Effects and the
Price Level in an Optimizing Euro-Model", Journal of Policy Modeling,
29, 15-28.

Annicchiarico, B. Giammarioli, N.,and Piergallini, A. (2006),"Fiscal Pol-
icy in a Monetary Economy with Capital and Finite Lifetime", Working
Paper Series 661, European Central Bank.

Benassy, J.-P. (2000), “Price Level Determinacy under a Pure Interest
Rate Peg” Review of Economic Dynamics, 3, 194—211.

Benassy, J.-P. (2005), "Interest rate rules, price determinacy and the
value of money in a non-Ricardian world", Review of Economic Dynam-
ics, 8, 651-667.

Benassy, J.-P., and Guillard, M.(2005), "The Taylor Principle and
Global Determinacy in a Non Ricardian World" PSE Working Paper
Series, 50.

Benhabib, J., Schmitt-Grohé, S., and Uribe, M. (2001), "The Perils of
Taylor Rules", Journal of Economic Theory, 96, 40-69.

Benigno, P., and Woodford, M. (2006), "Optimal Inflation Targeting
under Alternative Fiscal Regimes", NBER Working Paper N°12158.

Blanchard, O.J., and Kahn, C. M. (1980), "The Solution of Linear Differ-
ence Models under Rational Expectations", Econometrica, 48(5), 1305-
1311.

Buiter, W. (1999), "The Fallacy of the Fiscal Theory of the Price Level",
NBER Working Paper N°6396.

Cushing, M. J. (1999), "The Indeterminacy of Prices under Interest Rate
Pegging: The Non-Ricardian case", Journal of Monetary Economics,
44,131-148.

35



[13]

[14]

[15]

[16]

Leeper, E.M. (1991), Equilibria under ‘Active’ and ‘Passive’ monetary
and fiscal policies. Journal of Monetary Economics, 27, 129-147.

Leith, C., and von Thadden, L. (2007), "Monetary and Fiscal Policy
Interactions in a New Keynasian Model with Capital Accumulation and
Non- Ricardian Consumers", mimeo, University of Glasgow.

Leith, C., and Wren-Lewis, S. (2000), Interactions between monetary
and fiscal policy rules. The Economic Journal, 110, C93—C108

Leith, C., and Wren-Lewis, S. (2006), Fiscal Sustainability in a New
Keynesian Model. World Economy € Finance Research Programme
Working Paper No. 0006.

McCallum, B.(2001), “Indeterminacy, Bubbles, and the Fiscal Theory of
the Price Level Determination” Journal of Monetary Economics, 47,19-
30.

Sargent, T. J., and Wallace, N. (1975), "Rational Expectations, the
Optimal Monetary Instrument, and the Optimal Money Supply Rule",
The Journal of Political Economy, Vol. 83, No. 2 , pp. 241-254.

Sargent, T. J., and Wallace, N. (1981), "Some Unpleasant Monetarist
Arithmetic". Quarterly Review of Minneapolis Federal Reserve Bank,
(Fall), 1-17.

Schmitt-Grohé, S., and Uribe, M. (2006), "Optimal simple and imple-
mentable monetary and fiscal rule", NBER Working Paper, N°12 402..

Sims, C. (1994), A Simple Model for the Study of the Determination
of the Price Level and the Interaction of Monetary and Fiscal policy.
Economic Theory, 4, 381-399.

Weil, Ph., (1987), Permanent budget deficits and inflation, Journal of
Monetary Economics, 20, 393-410.

Weil, Ph., (1991), Is money net wealth?, International Economic Re-
view, 32, 37-53.

Woodford, M. (1994), Monetary Policy and Price Level Determinacy in
a Cash-in-Advance Economy. Fconomic Theory, 4, 345-380.

Woodford, M. (1995), Price level determinacy without control of a mon-
etary aggregate. Carnegie Rochester Conference Series on Public Policy,
43, 1-46.

36



