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Abstract. We present a generalisation of the long memory IM® models introducing time-varying memory
coefficients. The model satisfies the empiricadevice of changing memory observed in average teyerseries

and can provide useful improvements in the foréegssimulation and pricing issues related to weatkerivatives.

We provide an application related to the forecast simulation of temperature indices used for pgodf weather

options.
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1 Introduction

It is well-known that the weather may have a crucigact on business activities. This effect isyelevant
even at the macroeconomic level. In fact, as eviddrby Ku (2001), the U.S. Department of Commestenaites that
the weather affects nearly 70% of U.S. companied, aimost 22% of U.S. GDP. McWilliams (2004) dentomtes
similar results for the European Economy.

In the last ten years the need for hedging ancetififg weather-related risks and the increasinglbgment
of financial markets contributed to the creationtbé weather derivative market. In this new marketancial
intermediaries and private company exchange dérevatontracts where the underlying asset is a veeattlated
variable (such as the average daily temperatueewthd speed, the rainfall). By now, the largest pathe exchanged
weather contracts is linked to the temperatureaesldT’he financial literature provided several stadbresenting the
general pricing problems of weather derivativeg, &@man (1999), Cao and Wei (2000, 2003), ZengQRaton,
Djehiche and Stillberger (2002), Dischel (2002)ixBdewson and Ziehmann (2002), Jewson and BriR@3p among
an increasing number of contributions. The moseragting aspect is, however, the development ofompiate
methods for forecasting the underlying weather aldés and pricing the associated weather derivati@®me
examples are given by Roustant et al. (2003), Cathpbd Diebold (2005), Hamisultane (2006a), Tagad Buizza
(2006) that focus on the daily modelling and fosticey of temperatures.

More recently, some authors evidenced the presehéeng memory in temperature series, see Caballero
Jewson and Brix (2002), Hamisultane (2006b), anwthgrs. This empirical finding is well-know and gieanalysed
in the statistical and econometric literature. Tihgt studies dates back to the beginning of this 8dth the seminal
papers by Granger (1980, 1981), Granger and Jof&980), Hosking (1981) and then to the contribwiofh Sowell
(1992a,b), among others. The traditional ARFIMA risdhave been applied in different economic aremh |s
foreign exchange, Cheung (1993), Gil-Alana and T@@0D2) and Beine and Laurent (2003), stock mayrketg1991),
Ding, Granger and Engle (1993), Mills (1993), Chgand Lai (1995), output, Diebold and Rudebush @) 9@flation,
Hassler and Wolters (1995), Baillie, Chung and laie41996) and Doornik and Ooms (2004), monetaiyregpates,
Porter-Hudak (1990), interest rates, Iglesias ahillifs (2005) and Couchman, Gounder and Su (2066)ward
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premium, Baillie and Bollerslev (1994), electricipyices, Koopman, Ooms and Carnero (2007), amdhgra We
also cite the srveys by Balillie (1996), Bhardway &8wanson (2006) and the book by Beran (1994).€Thes also
some contributions relating long memory to atmosighé or physical elements: hydrology, Hosking (488
climatology, Baillie and Chung (2002), temperat8raith (1993) and Moreno (2003).

Following this strand of the literature, this pagegesents a new approach for long-memory modeltihg
temperature series. Temperature series have bedysed with the ARFIMA model, see Caballero andstaw(2002),
Caballero et al. (2002) and Hamisultane (2006b)wéier, there are some evidences that the memomgelég not
stable over time, Katz (1996), Katz and Parlan@®8), and Caballero, Jewson and Brix (2002). Thlipus authors
also evidence that the missing inclusion of thetdee may provide under- or over- estimates ofpifteeess variance
with relevant impacts on the derivative pricing.this paper we propose a variation of the trad#ichRFIMA model
allowing for changes in the memory coefficient otene. In particular, we present a model where itiemory
behaviour is monthly-specific. Given the relevarafetemperature-related weather derivatives, we shioat the
proposed model provide better fittings on severaigerature based series comparing it with thetiomdil ARFIMA.
We provide also a forecast based comparison andiagoexample.

In the following section we present the main praideand pricing approaches in the weather derivative
market. Section 3 introduces the Time-Varying ARRIMnodel and deals with model estimation, forecasd a
simulation. The empirical examples are include&acttion 4 where we provide a model comparison basedrecast
and weather derivative pricing. Finally, Sectioadncludes.

2 Weather Risks, Weather Derivativesand Pricing | ssues

Usually, the label “weather risk” identifies thadincial exposure that a business may have to weetleats
such as heat, cold, snow, rain or wind (Clemmof822. Among the most weather-sensitive sectors wag imclude,
Energy (sensible to excessive heating or coolingp@s), Agriculture, Construction (extreme weathenditions may
reduce the building processes but also extremeheeavents may have impacts, such as hurricanesstanahs),
Grocery, Brewing, Entertainment. The relevant weathisk exposition of many economic activities atite
corresponding need of hedging or offsetting thdsksrgiven rise to the diffusion of weather relaiedurance
contracts. The strong link between insurance comegaand the financial markets and the search fntbst efficient
methods for covering weather risks, promoted ttdugion and diffusion of weather related contrantshe capital
markets, see Foster (2003) and Van Lennep e2G04).

Certainly this fact had a significant contributiomndevelopment of weather derivatives market wisizhted in
the 90s in the United States as an effect of thregigation of the energy sector. Who transactedfitse weather
contract is unclear, but in 1996 Aquila entered iatdeal with Consolidated Edison whose aim wagwtect the last
one against a cool August. One year later Enronkarsas-based Koch Industries made a publicizebvdeere the
payoff was based on the Heating Degree Days (HBBiptrature index. In the following years, the sudgle@wth of
this market induced the Chicago Mercantile Exchaf@MdE) to launch around 1999 weather futures anibop. At
the beginning, the CME were quoting only tempemtimdices for few major US cities (weather events ia fact,
localisation specific). Later, the available contsaand localisations start increasing and, attiie there are more
than 70 different weather contracts in trade (idirlg temperature, snowfall and frost) for 35 diéfiet locations in the
world.

After ten years, thanks to the existence of dififéweather anomalies and to the start of deragolatocesses
in the other countries, this market grows rapidtyaating the interest of many participants, aslemced by the annual
reports of the Weather Risk Management AssociafiRMA henceforth). The 2006/2007 report indicatieat tthe
value of the weather derivative market reach 25 W83 (WRMA Survey, 2007).

Notably, most companies that belong to above vezatdkposed sectors are subject to (mainly or inifségnt
part) the risk of unfavourably air temperature. ISaonclusion can be also directly drawn from thevebmentioned
WRMA annual reports. In fact, more than 90% oftedides done in recent years were referred onlerapéerature
based contracts. For this reason, this paper fecoisly on modelling and pricing of weather derivas based on air
temperature. The extension of our modelling appgrdacadditional weather derivatives may constitareinteresting
area for future contributions.

2.1 Weather Derivatives

A weather derivative is a financial contract whére underlying asset is a weather index or a seteatther
indices. The type of available contract spans thelitional taxonomy of derivatives including alsmotic types.
Weather derivatives are mainly traded in Over-Tloex@er markets (OTC) and only recently in exchamgekets, but
only at the Chicago Mercantile Exchange (CME).

Other exchanges like LIFFE, Deutsche Borse or Posverattempted to launch similar contracts, butldioal interest
was too small and trades have been suspended (Nick604). Currently the CME quotes temperaturries and
options of these futures (European exercise stytedelected major cities of US, Canada, EuropeJapén. Contracts



on other weather indices are quoted only for fegatmns, for example the Frost Days indfor Amsterdam and the
Snowfall index for New York and Boston. For US lbzations two temperature indices are normally ustsating
Degree Days (HDDs) and Cooling Degree Days (CC

The HDD Index is used during the heating seasomnofiéc— April) and b calculated as a monthly or seasc
sum of daily HDD valuesyhich in turn are calculated " HDD, =max{65°F—x,,0} , where x is average temperature

obtained from daily maximum and minimum temperatdnee index is evaluated as the discrepancy framaseline
temperature whitis fixed at 65° Fahrenheit degre

The CDD Index is used in warm months (cooling iy @amd is calculated similarly to the HDD, cumulgtidiaily value
of cooling degrees, defined &bD, = max{ X - 65F (} . Note that the Fahrenheit degrees are used for tiizations

only while for Canada and Europe, Celsius degrees aré with a baseline temperature of 18°C. Given thidet
climate reported in Europe and Canada comparebetdJS localizations, the CDD index is substitutgdtiie CAT
(Cumulated Average Temperature) ex during summer months. The CAT index is evaluatachulating over th
contract duration the daily values gf .

For Japanese localizations (Osaka and Tokio) ahdurindex is use, the MAT (Monthly Avera
Temperature), calculated as the average of ourly temperatures over the contract duration.rictice, all weathe
derivatives are priced considering the expectedesthat one of the previous indices at the contnaturity

2.2 Pricing Approaches

As evidenced brix, Jewson and Ziehmann (05), weather market participants want to know the realey
of weather contract for three main reasons. Tl dine is obviol, because both of the demand and supply sides
this informationin order to implement a reasonable tradhe second motiten refers mainly to writers of suc
instruments and ariséi®m the need of building dynamic hes for all contracts in short position. The last opeults
from the internal rules of given companmand may be related to tiperiodic assets valuatiothe creation of different
scenarios for the possible values of thatracts in the futurdor tax and law restrictions.

The best method to obtain information about presahie ofweather-relatednstrument is tcobserve their
price in the market. Howeved the present timthis can be done only for some localization in the wonhdstly in the
U.S. In allother cases, a suitable model should be, VanderMarck (2003).

Considering theunique features of weather derivatives, standardemof arbitage-free pricing, such as the
well-know Black and Scholes (1978)icing framework,seems to be inadequate for a number of re, Dischel
(1998) First, portfolio replication is in this case imgsible given that the underlying variable is not a final asset nor
it is traded. Furthermorenithe Blacl-Scholes formula the price of the underlying insteminfollows a geometri
Brownian motion while the nature the weather variable process may be wéifferent and more compl, as
evidenced by Brix, Jeson, Ziehmann (2005) or Campbell, Diebold (2( for air temperatul. Some solutions have
been proposed in the mathematical finance liteg, seeDornier and Querel (2000), Davis (200Torro, Meneu and
Valor (2001),Brody, Syroka and Zervos (20(, Henderson (2002), Jewson (2002gnth (2003)Jewson and Zerovs
(2003), Benth and Saltyt@enth (2005),among othersin order to solve the market incompleteness, sauthors
suggestthe use of a close substitute of the underlyinthan pricing equationbut this give rise to a further proble
related to the limited liquidity of weather contisthat could have serious consequences on thiagpcoces: These
arguments favoured thmplementatiorof alternative pricing approaches, such as theaaietione.

Actuarial pricing consists oforecasting the distribution of contract outcomesng historical data andif
available, weather forecasts, ¥e@o and Wei (2000, 2003), Zeng (2000), Davis (20Augros and Moreno (200z
Brix, Jewson, Ziehmann (2002nd Roustand, Laurent, Bay and Carraro (2. The contract rice is then obtained
from such adistribution as a discount expected value plus some risk loading fa¢gme Henderson, 2002, for
example).Within the actuarial approacthere are thredifferent methods for the estimatiand forecast of contract
value densitiesHistorical Burn Analysis, Index Modelling and Dalljodelling. Historical Burn Analysisevaluates the
contract price simply using tHestorical tracks of weather indices wout any modelling approach. Differentindex
Modelling (an extension dhe Burn Analysis) adds a distributional hypothésishe historical weather indices, whi
is more suitable for the identification of the & and evaluates contracts using Mo@@&rlo simulation, Jewson and
Brix (2000) The biggest advantages of both methodstheir simplicity,the limited efforts needed for «calculations
and thepossibility of pricing any weather contracHowever they also have many drawbac they model the weather
index and not the underlying weather varia(Nelken, 2000) and, more seriously, they use a limited numbe
historical observations for the pricing proc (weather indices are generally based on an aggoegat weathel
variables, as irthe case of HDD and CDD indices for the temper3. This fact hasa relevant impact on the
appropriate choice of weather indiahstributior and on the size of parameter estimation’s €

Some of above drawbacks, especially in the pr of temperature-relatecontracts, can bovercome using
Daily Modelling (Brix, Jewson, Ziehmann, 200At first, the amount of data used in estimation is muclyd, given
that this approach does not analyse directly theathvez indices buthe underlying weather ariables and,
meteorological forecasts related to temperaturaeglould be incorporated into thaicing process in easy and qt
natural way. Basically, this approatles to identift a model that is able to replicate thistoricalmeteorological data.



Then, by Monte Carlo simulations, it estimatesftitare evolution of the underlying weather variahlef the weather
indices based on these variables and of the cameoff distribution. The Daily Modelling could kbe preferred
solution, clearly conditionally on the correct sifieation of the adopted model, Jewson (2004). Heeve even this
approach presents some limitations. In fact, weathgables may present periodic patterns (assextitt the seasonal
evolution of the weather) and long memory, Alatbale (2001), Caballero et al. (2001), Jewson aabdallero (2002).
While the simple inclusion of a seasonal patteri¢tvtwe may expect on a weather related variablaggaly creates
limited statistical and computational problems, firesence of long-term correlation in weather tiseeies greatly
increases the complexity of the analysis. Traditianodels can be used, taking advantage of theaes@ntributions,
starting from the already mentioned researchesrah@er (1980, 1981) and Hosking (1981). Howevex, miost recent
findings evidenced that long memory may be prebeift in the mean and in the variances, while vagarmay also
present periodic components, Moreno (2003) anddfayhd Buizza (2006). Finally, the degree of longnmory could
vary over time according to the evolution of thasmns, Katz (1996), Katz and Parlange (1998) armhi®a0, Brix
and Jewson (2001). The misspecification of the mgnhehaviour of weather-related variables may halevant
impact on the pricing process of the weather déxiga, as mentioned by the previously cited auth@iee main
contribution of this paper is to provide a thearatimodel that includes the empirical evidence tifree varying long
memory coefficient in the mean. This new modehtsaduced in the following section.

3 An ARFIMA Modd With TimeVarying Memory

The air temperature represents the underlying blritor the largest part of the weather derivatirasled in
the world market. The temperature series are terehe most analysed in the financial literatwlated to weather
derivatives. We contribute to this research fieydplboposing a new long memory model, the Time-VagyARFIMA
(TV-ARFIMA) whose main property is the time varyingature of the model coefficients. This model featu
implements the empirical findings of changing meynbehaviour observed on air temperature seriesiqusly
evidenced. The model we propose for the averageerature indexy — is composed by different buildimgcks: a

periodic function in the meayy(t) ; an ARFIMA structune the demeaned index; a periodic function invidigances

s(t): finally, a GARCH structure in the variances. general model may be represented as follows:

@, (L) (1-1) " [x - p()]=0, (L
£ = ()a; z~iid 00,

where g? obeys a GARCH process, the innovatigns  ingtependently and identically distributed accordiagan

un-specified density with zero mean and unit vaarand the ARFIMA model coefficients may be tinzying. In
the following we describe the various building ls©f our model motivating our choices.
The x index is characterised by a strong perioditepa in the mean, associated to the evolutionhef t

seasons over the year, see Jewson and Caballé®)(Fdllowing standard practice in this framew¢ske Campbell
and Diebold, 2005, among others) we model the gdarideterministic mean component as follows

X = a+Zat'+cho{21t”j IZ;y ’{365} y=u(t)+y @)

1

1)

where y, is the ‘seasonally adjusted’ series (whicky mresent both autocorrelation and heteroskedg$tidhe

periodic pattern contains two main elements, ammiyial trend and a pure periodic wave obtainedhieycombination
of a set of harmonics.

We then model they ~ series with an ARFIMA-type stmoe that tries to match the changing memory

behaviour observed in average temperature valuesveApreviously observed, the empirical behaviduhe historical
temperature indices suggests that the memory feaglchange over the year. We assume that the mdenatychange
over sub-periods of the year. Define t]y:{'|'1,'r2,___'|;} a partitad the year into S sub-periods, which we call

‘seasons’ for simplicity. Note that S may be diffet from 4 and in the following we will assume tlst12 and that
each element in the partition identifies a speatficnth of the year. Given a time index, we cangmssiach point in
time to one and only one element of the partititthre (Sub-periods do not overlap and they cover tiieeeyear). We
propose the following parameterisation fgr  , theckastic mean component of the temperature indieichwve call

Time-Varying ARFIMA (TV-ARFIMA):



d, tOT, o, (L) tOT, o,(L) tOT,
J = d, tOT, o, (L) = ®,(L) tOT, 0,(L)= O,(L) tOT, 3)
t . t . . t . .

ds tOTs (L) tOTs O4L) tOTg

where d, is the time varyingiemory coefficient o, (L) and g, (|_) are tw@R and MA time varyingpolynomials in
the lag operator ang, is an innovation proce. The coefficient 4 is of time varying nature because it assu

different values depending on the actual periogeafr. The time varying ARMA components follow a gémstructure
with a further character, we do not restrict tleeter to be the same over all eleits in F .

The following conditions are sufficient for ensigiatationary and invertibility of the mean mo
i) the memory coefficients are all lower than d <% j=12.S;

i) the roots of all AR polynomials are outside tht circle
iii) the roots of all MA polyomials are outside the unit circ

The traditional ARFIMA(p,d,q) modeis nested in our representation under the assumpoio time
independence fathe memory coefficient and t model polynomials. In fact, if we assernthatd, =d, o, (L)=(L)

and Ot(L) :O(L) we obtain

(D(L)(l— L)d Y :G)(L)é‘t (4)

If the subsets included in the partiti F represent corgutive periods, the model in) could be considered
as a special threshold model where the threshoddassociated to the time ind

Furthermore, given that we asst the stability ovetime of the partition structure (the subsets doai@nge
over years), our model may be represented in a animp form using a matrix of dummy variables. Itfahe
memory coefficient may be written as

d=sd d={d,d,.d} (5)

and s is a row selection vectofhen, S={Ss,,...S;} is an Seolumn matrix of dummiesEach column is

associated to one of the elementsfofind identifies one of the seasons over the erdimgpe Note that similar model
representations may be obtained for AR and MA polynomials with a proper definition dfe parameter vectors
order to account for the possible different ordersr the season

The model may be related to the recent contributaf Haldrup and Nielsen (2006a,. In these two works
the authors use an ARFIMA model where the memory coiefiit is driven by a Markov chain. In order to sokthe
computational problems of model estimation andrigrfee the Markov chain is assumed to be observ@hle model
may be a special case of the presi@pproach where the Markov chain is observaldeaasociated to the months
the yearWe have not considered the direct Markov switchargension of our model for computational reasorigef®
that the main interest in weather derivative pgcis asociated to monthly values of the HDD, CDD and QGAdices,
and the corresponding values within each montthefdaily average temperature, we should have usd& anodel
with 12 statesThe number of states is itself relevant and maate computation problems. Furthermore, we &
dealing with a long memory model that requires Idimge series for providing reliable estimates. iginthe twao
aspectsnay result in a very complex model from a compatal point of view and fowhich there are limitedtudies
on the asymptotic behaviour of coefficient estirsi

Notably, our model includes a special ARMA repréatan with time varying polynomials whed, =0.

We now define the structure of tinnovationsg, . The variances @f may be characterised by two ferent

elements: a periodic component related to the dhgngeather risk over time; a purely heteroskedastimponen
with a GARCH-type structurd-ollowing the contributions of Andersen and Brslev (1997 and 199 and differently
from Taylor and Buiza (2006), we mod:g, with a multiplicative model

£ =5(t)0,z (6)



where the innovation term ismdependently and identically distribute z ~ ||D(0,J), o? is the GARCH-type
conditional variance sequence a@qt) is a deterministic periodic variance gooment. Similarly to Andersen ai
Bollerslev (1997, we suggest the following specification s(t)

s(1) = exp(% s t)]

Note that the variance periodic pattern is sintilathe one adopted for the meFor the no-periodic variance
component, we assume longemory behaviour for conditional variances, sugggsthe use of a FIGARCH mod
Baillie et al. (1996), as follows:

a7 = w+B(L)o7 +[1-B(L) -4 (L) (1-L)' | 8)

where w is the conditional variance constai (L) and ¢(L) are two polynomials in the lagperator and A

identifies the variance long memory coefficii In order to be covariance stationary the memoryfimdent should be
positive and lower than 1Positivity of conditional variances may be obtainesposing the general restrictio
provided ly Conrad and Haag (200 The joint modelling of mean and variance langmory has been alrea
analysed byaillie, Chung and Tieslau (199 Beine and Laurent (2003) and Koopman et al. (2068Mpng other

3.1 Model Implementation And Estimation

We suggest estimating thmodel presented in equations (2), (3))-(8) in several steps in order to lin
possible computational and converge problems asacito the presence of a time varying memory stradn the
mean. The approach we suggsssut-optimal given that itclearly suffers from a loss of efficiency comparteda
single-step approach.

i) First step: we estimate thmeriodic component in the me. The model presented in (2) can be estimated 1
standard ordinary regression tools.wévei, given that the residuals of equation, (&g ‘seasonally adjuste y, series,

presentboth autocorrelation and heteroskedasticity, dard errors need to be adjus using the Newey-West
heteroskedasticity and autocorrelation consi standard errorsThe robust standard errors cbe jointly used with

information criteria for the appropriaselection of regresso

i) Second tep: estimating the ARFIM-type model on first step residuals. thts stage, we estimate the memory ti

varying ARFIMA structure in (3by Quas-Maximum likelihood following thecontribution: of Sowell (1992a,b),
Baillie, Chung and Tieslau (1996). Waus maximise the following likelihood function

2 1 . 2 512
L(dy Oy O By s By 1B s @ ):_EZ 2+t

= o
6 =0,(L) o, (L)(1-L)* 5 @)

%o =x-A(1)
that depends on first step residuals (ands suffers of first stage estimation errorThe polynomial
o, (L)’l o, (L)(1- L)d‘ represents the T-ARFIMA filter. Note that the long memory polynomial has a timeywvay
expansion, in fact

(@-1)* =(a-L)* zn ()

m(sd)=1 m(sd)= [

1sis) |

(10)



Standard errors for the estimated coefficientscamaputed taking into account the presence of hetedasticity in
model residuals. In the model implementation wadated the infinite long memory expansion to adation lag set to
1000.

iif) Third step: estimating periodic variance compat of equation (7) on second step residyals  .obtein the

coefficient estimates by running ordinary leastasgs estimation on the log-transformed estimatxa'nﬂmalsét . Given

the presence of correlation in the residuals offithed equation (the correlation depends on theRGA behaviour of
o?) the standard errors have been estimated usinyehey-West correction. Note that the estimatesiatstep may

suffer from estimation errors related to both gigpnd step (ii).
iv) Fourth step: estimate the GARCH structure oe $andardised residual;z;t :g;(t)’lf

t
estimate the model coefficient following the Qui&ximum Likelihood approach of Bollerslev and Woaordide
(1992). We determine optimal coefficients by maximg the following normal likelihood

. In this final stage we

L(a),)l,al,...,ap, 1,...ﬂq)=—%i[ IrUf+Z—‘22j (11)

t=1

whereg? follows equation (7). The estimates obtainech (11) may suffer from estimation errors inaddn steps (i)

to (iii). As in step (ii) we truncated the infiniteng memory expansion to 1000.
After the fourth step we can also compute the stedised residuals, =53,  that could be used to identify

the density and possibly improve the estimatiosteps (ii) and (iv) by supplying the proper lik@dd function.

3.2 Modél Forecasts and Model Simulation

Within the weather risk management and pricing &awrks, one of the most important aspects is relaie
the possibility of forecasting or simulating theceage temperature and/or the temperature indexveddiscussed in
section 2, within the pricing approach followedtlnis paper, we are interested in both the temperdtuecast and in
the simulation of temperature indices density. Asalready stated, we first compute temperatureityefiosecasts and
using these forecasts we compute temperature mfticecasts. In this section we present the approsed to forecast
and simulate the average temperature. The simutatederature index density could then be determarethe basis
of the simulated average temperature values.

In the forecast of the average temperature werdeeeisted in both the mean forecast and in it<dstanerror.
Furthermore, we distinguish between one-step-alaeadlong-term forecasts. One step ahead forecasieadverage
temperature mean made at time T for time T+1 caollained as follow. Denote by,T+h|T >“<1(+th ) the h-step-ahead

forecast conditional to the information set at tifndor the ‘seasonally adjusted’ series (averagepgrature series),
then:
i) apply the estimated TV-ARFIMA filter to the iramiple estimated ‘seasonally adjusted’ segies

-1 2

~ 3 B ~ .
eT+1(L) q)T+1(L)(1_ L)d”1 :1_sz+l,jLJ
j=1

) e (12)
yT+1rr = Z[//Tﬂ,j yT+l— j
j=1

where the TV-ARFIMA filter coefficients depend alh the time index T+1.
ii) add the periodic mean component

>a,(T+1) + 3 .co{—Zj(;;Sl)”}gyl si{—z(ngsj)ﬂj (13)

For h-steps-ahead forecasts of the mean tempemaéuneay use the following recursions:
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Xy = 9T+hT+d'o+§:éi(T+ h +ZP:31CO{MJ+ZQ:?' Si{Mj (15)

< = 365 365



Note that ¢ " has to be replaced ty_ , the true value, iff + h- j<T Differently, the on- and h-

stepahead forecasts of the average temperature varuzmnke obtained as follow&as in the previous equatio 57, -

denotes a forecast made at time T):

i) compute the forecast of 52, - using the FIGARCH filter, the -sample estimated variances and standart

residualsy, and the forecasted values if nee

Ot =0+ B(L) 6%y [ 1-B(L)-B(L) (1) [,
:&H’ZP:,B +hjIr zgﬂnh j

=1

(16)

Note thatif T +h- j>T thenj?, J will be replaced bys?

T+h-j|T

given thag [ 2}: o? where the subscript

denotes the conditional expectation with respecthto information set at time-1. Furthermore, 52, " has to be

replaces WIthaT+h_j , the estimatedsample veues, if T+ h- j<T .

ii) compute the forecastf the periodic component in the variances, anatieit as §I'+h|T

R W, 2j(T+h)m) & . 2A(T+h)mr
§r+h.T=ao+Zai(T+h)+Z5j°{ e J 2 { e J an
§I’+h|T = exp( 1/2~SI'+ HT)

iii) compute the overall standard deviatior § 5., .-
As a result the forecasted HDD index for period Tah be computed follow:

- h
HDDren =Y max(18-%.,r .( (18)

j=

In a similar way we may compute the forecasted emlfor CDD an CAT indices. However, for th
temperature indiceshe main interest is in their density which in tuvitl be used for pricing weather derivats. The
construction of a forecasted density for tempegatoased indices in the ranT+1 to T+h may be obtained by
simulating the average temperature in the corredipgrrange We suggest the following simulating recursic

i) generate h values of the standised residual z, ,z, ...z, , from a given density;

i) simulate 4., =4, 2, i=12,.h computing the FIGARCH component as in equation (i)replacing /7T2+h_j

with ﬁ‘lih j _JTHF]ZTH‘rJ when T+h- J >T;

iii) simulate &, =8.0n 1=12.h where §,, comes from equation (17);
iv) simulate Ve 1=1,2,.h using equation (J);

V) simulate>2T+i i=1,2,.h using equéon (13).

Steps i) to v) can be used to simulate one possialézation of the average temperature. Fromrerasization
we may compute a given temperature index. By rémgpahany times steps i) to v) we will obtain a kngumber o
temperature indies which we may use for estimating the density tiveiinterval T+1 to T+

In order to provide results consistent with th-sample realisation of the underlying process gamgrithe
average temperature, the density used in stepi)ldtbe as closes possible to the true one. In general we may
density by checking the distribution of the.sample residual$, . @may decide to use, say, a normal density

more leptokurtic one like the Student density. Hesre in order to avoid any possibld€fect coming from a
misspecification of the underlying density, andeg thatthe time series of average temperature are geyeyaite
long, we suggest simulatirtge innovations in i) by resampling with replacemom the i-sample residualg, . A

comparison of this approach with the alternative based standard density will be compared in the eéoglisectior
of the paper.

3.3 Mode and Forecast Evaluation



In the previous sections we presented our modedipgyoach, the steps we suggest for parameteragitim
and the algorithm that should be used for averag®eérature forecast and simulation. In this sectiendiscuss a
further aspect: the approach we follow for modetl darecast evaluation. With respect to the firstues model
evaluation, we may adopt the traditional informatizriteria, as the one of Akaike and Schwarz, fmmparing our
model to available alternative approaches, one plans the ARFIMA-FIGARCH model without time vargn
memory parameters. A further comparison could Isethan the ability of average temperature modetspibicate the
moments of historical temperature indices sucthadHDD. In fact, the modelling approach we pursoesdnot directly
analyse these indices and we may be interesteddwikg if the proposed model is able, on the ode,sio replicate
the historical HDD densities, on the other sidesitoulate a temperature index whose density is stergi with the
historical moments of the index. We may achievs thsult following the approach proposed by Cabakg al. (2002).

In Caballero et al. (2002), the evaluation of magdbllows these steps:
i) compute the historical HDD (or similar) indicts a given period of lengt, say the month of January (the period
can be tailored to the contract duration or matusihich is going to be evaluated; it can be thérentear, a specific
month or a specific season) and compute their raednvariance; assume that the number of histoHEdAD values is
M (continuing the previous example, in the availageple we have a total bf years) and denote by,,  apf] the

historical moments of the HDD index under evaluatio

ii) simulate a large number of serid$, under modebv and compute from each series one value of the HigBx
using lastT observations (series should be simulated takibg @tcount the periodic patterns in order that Tast
observations have the same periodic pattern oévh&iation horizon of the HDD index — as an examibplde period
of interest is the month of January, the [asibservation of each simulated series should eresf to the simulated
average temperature of an hypothetical month ofiaiaf); compute the mean and the variances of\tl&mulated
HDD values and denote them t),yN a@g ;

iii) group theN simulated values of the HDD index iniz=N/M groups of dimensioM and computed for each group
the mean and the variance (the dimension of eamlpgs equal to the historical observations of D index) which
we denote by, . ang, ., witk1,2,...D;

iv) if D is large, we can use the simulated values to eraatonfidence interval for the discrepancies betwe
overall mean of simulationg,,  and tBemeans y . ; these confidence interval will take intocant the sampling

error and will allow testing the hypothesis that -, =A s large, which can be associated to a model noplegety

able to replicate the historical mean of the HDBeix (a similar approach can be used for the vaglgrtbe two sided
a% confidence interval can be chosen analysing tifeerences 4 -4 =A, and we may denote it as

{A[ﬁj A[l_g]} ; note that differently from Caballero et al. (20®& do not assume symmetry of the  density;
2) 2

v) models will be rejected ifAD{A(g],A(l—EJ} :
2 2

The approach by Caballero et al. (2002) verifiegshé model is able to simulate a temperature index
characterised by a density whose moments are ¢ensigith the historical observations. Differentlye may follow
the approach of Campbell and Diebold (2001) thaippse to check the model correctness by using bapiiity
transform. In this second case, we can follow tleEsi®ns:

i) assume that the interesting contract maturitthésend-of-the-month one (we can use end-of-tlze-ge end-of-the-
season); then, within the available sample (and within the forecast evaluation sample) we hagetsof ‘maturity’
dates for the contract;m=1,2,...j,...M using data up to timgl (which we assume is the end of a given month) we
simulate many possible patterns of the averagedeatyre index for timgr1 (wherel is the length of the following
maturity period, if months, length very over timaing the recursions presented in the previousoseagiven the
simulated average temperature paths we determméntltex of interest, the HDD (or any other tempaexbased
index);

i) given the simulated HDD values, we determirgediénsity, and its simulated CDF, which we dengte();

iii) denote by HDD,, , the realised historical value o tHDD index for the period between andh, then we can

compute p[xs HDDm,h:|: F[HDDmh} , where we assume that the historical vafu¢ghe HDD index has been

extracted from the simulated density;
iv) iterate steps i) to iii) for all possible ped® within the sample (and within the forecast eatiun sample); we obtain
then K values of F[HDDm hJ ; if the model we are using is corrébgn F[HDDm hJ should be approximately

distributed as a Uniform random variable betweem@ 1, and we can then graph the density:tEﬁqDDm hJ astd te

the distributional hypothesis both for the in-saenpihd out-of-sample ability of the model.



The approach of Caballero et al. (2002) and the @h€ampbell and Diebold (2005) implement model
comparison procedures. The last one allows alsa fiinst evaluation of model forecast abilities.iS’analysis can be
extended by using standard quantities. The in-saraptl out-of-sample forecast performances of thdeimay be
evaluated using the following indicators: the méanecast error (MFE), the mean absolute error (MAE$ root mean
squared forecast error (RMSFE), the Theil U indB¥)( Note that these statistics can be applied baotlthe average
temperature forecasts as well as on the forecashe ¢1DD (or similar) indices. If the HDD (or sitar) indices are not
directly forecasted but simulated we may compugeptevious indices using the simple expectatioa (tiean) of the
simulated density of the indices (we could alsosider the median of the simulated indices). Findhg evaluation of
the average temperature forecasts can be compartdd fo h-steps ahead, in order to evaluate theetability in the
long-term horizon forecasts. In this work we shinattthe memory coefficient of the mean model majirhe-varying
over months. In order to compare the effect of thiglel extension compared to traditional ARFIMA ratsdwe also
suggest to present forecast evaluation measureputechover contract having the same maturity owee,tthat is
determine the forecast evaluation measures ovecdh&racts ending in January, February,... Decemiéiurther
approach for forecast evaluation based on quaantiddysis has been proposed by Taylor and BuizzZ24(2@inally, we
can also compare the forecasting ability acrossetsdaly using the Diebold-Mariano test (Diebold afariano, 1995).

4 Empirical Examples

In this section we applies the proposed TV-ARFIMAdeal on real temperature time series, comparimgtht
the traditional ARFIMA model both from a statistigint of view and from a weather derivative pnigiperspective.
In order to test the empirical performances of T ARFIMA model, we consider a set of average aimperature
series. We used daily historical observations af felected cities: New York (WMO 72503), ChicayyéMO 72530),
London (WMO 03772) and Berlin (WMO 10384). For kitalizations, the data have been collected inrtmge
01.01.1959 — 30.06.2007. We removed th8 @bFebruary in leap years obtaining a total of AT dbservations for
each localisation. Historical data for Berlin wetgtained from Deutscher Wetterdienst (Germany) eytidr the other
cities from the National Oceanic and Atmospherienimistration (US). Note that all the localisatiamsged in this paper
are associated to a number of weather derivatimeaas regularly traded at the Chicago Mercaiitkehange.

4.1 Model Estimation

We estimated the coefficients of deterministic mddethe average mean temperature following egquaR)
and using data until the end of December 2006 (ifeoto test forecast performances in the remaipiag of the
sample). We adopted a specific-to-general modeliitngtegy starting with a model including lineaend and one
single harmonic. Additional elements have then bé®iuded using a combination of the following erig:
coefficients significativity; minimization of theIB criterion; analysis of residuals correlation.eTimal specifications
and the corresponding estimated coefficients grerted in Table 1.

[TABLE 1]

We found that all deterministic mean models presansignificant trend component (quadratic for all
localizations, except Chicago where it is lineaithwositive coefficients. This results may be reasdan evidence of
the global warming effect, already noted by othtediges e.g. IPCC, Summary for Policymakers (2087jwumber of
harmonics is present in all models, without anytipatar regularity. Overall, the adjustedf Rvidence the strong
relevance of the long term trend and of the starrt(yearly) periodic components. Figure 1 reptitesdaily original
and fitted data for the 1959, highlighting the adzy of the proposed models.

[FIGURE 1]

After removing trend and seasonality, all serieslence the existence of long memory. Figure 2 rspibre
correlogram for Berlin data, clearly evidencing tbeg term correlations, while Table 2 reports thieng-Box test for
residual correlations over the residuals of equai®t) for selected lags.

[FIGURE 2]
[TABLE 2]
All models evidence a strong long memory componémtorder to verify if the long term correlation is

monthly specific, we compute a monthly variationtleé autocorrelation function. We modify the tramial sample
estimator of the autocorrelation function as follow
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where X is the de-meaned series of intefjest,a given month ant(.) is an indicator function assuming vallief

observationt belongs to montlj. This approach allows identifying changes in tleesfstence across months. Some
examples of the proposed autocorrelation functasesreported in Figure 3. These pictures evidelnee/ariation in the
memory levels across periods and suggest thatviiralbcorrelogram is similar to an ‘average’ oé imonthly patterns.
In Figure 3 clearly appears that some months asecésted to higher degrees of memory (equivalenhigher
autocorrelations) while other could be associabeshbrt memory processes, like the Month of Novaribdlew York.

[FIGURE 3]

Building on this empirical evidence we fit the TVRAIMA model to the residuals of equation (2) bywiing
a monthly variation in the memory coefficient. Wstimated also a traditional ARFIMA model and a TRMA
model in order to compare them with our proposegr@gch. Table 3 reports estimated coefficientshef ARFIMA
model, while table 4 reports TV-ARFIMA estimatesble 5 includes the coefficients of the TV-ARMA s{fieations
where we allowed for a time-varying AR(1) coefficie

[TABLES 3, 4 AND 5]

The comparison between the fitted models could ¥podted by mean of the Schwarz information craeri
reported in the bottom line of the tables. By commpARFIMA and TV-ARIFMA models we verify the adatages of
the introduction of a memory time varying model:alh cases we obtain a reduction of the BIC criteriThe two
models may be compared also using a likelihood rast. In fact, they are nested under the assomputf equal
memory coefficients imposed on the TV-ARFIMA. Irathcase the test statistics should follow a Chiasguwvith 11
degrees of freedom and the null hypothesis is karggected in all cases. Differently, comparing ttong memory
coefficient values, we note that the TV-ARFIMA mobdeally evidence a large variability in the memalggree. In
fact, while for the ARFIMA models the memory coeféints are between 0.13 and 0.14 for all locatisati the TV-
ARFIMA models have memory coefficients range fror@2to 0.24, with some months where it seems ti@idng-
memory effects is not present. The limited menmeffgcts found at the monthly level may raise somabts on the
need for time-varying long memory. For checking thossible fact, we estimated time varying ARMA rsdwith a
monthly changing AR(1) coefficient. The estimati@sults evidence a preference for the TV-ARFIMA mscn the
basis of both the BIC and the Ljung-Box test on eladsiduals (included in Table 6).

In order to provide a complete model for simulatemd forecast exercises we follow our model bugddin
blocks philosophy and estimate periodic componémtshe variances, included in Tables 7 and 8. Hilte this
additional periodic component from the series davae long memory effects appear, see Figure drf@xample.

[Tables 7 and 8]
[Figure 4]

Note that we separately estimate the variance mddelthe ARFIMA and TV-ARFIMA models given that
they may differ. The TV-ARMA model has not been sidered given that it is never preferred to theviones
specifications on the basis of the BIC. Finally, fitea FIGARCH model on the residual series; theults are reported
in Table 9.

[Table 9]

4.2 Forecast and Simulation Exer cises

The ARFIMA and TV-ARFIMA models provide quite clogesults, even if with a preference for TV-
ARFIMA. However, a more complete comparison of thedels will require the evaluation of additionapests: the
ability of models in replicating the air temperauevolution; the forecasting performances of thedetgy the
comparison of derivative prices based on the twalet® In this section we consider the forecast sintulation
aspects, while the following section provides aamegle on weather derivative pricing.
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At first we compare the ability of the models irplieating the process of air temperature, espgclit of
sample. This ability has a relevant impact in theipg process of weather derivatives, which isdobsn a pure Monte
Carlo approach.

We follow the approach of Caballero et al. (2008sgnted in section 3.2 and run a totaNeP6000 simulations of
monthly average temperature values for each manktll@calization. The simulation number allows fixi®=2000
given that the sample period we use inclutigégears. Monthly temperature indices have been ctedmespectively to
the current rules on CME.

Tables 10 to 13 report the results of the modeluawimn procedure suggested by Caballero et aDZpor
the months of January and June. We choose thesepgecific months in order to evaluate model ab#itin two
different seasons of the year, where the memoryegdg very different. Note that the models usedtfe simulation of
June values have been estimated using data uetgrili of May 2007. The estimated coefficients aported in the
Appendix of that paper. The models estimated inolyd2007 data are also used for the out-of-samptechst
evaluation of the model presented in the following.

[Tables 10 and 11]

In Tables 10 to 13 we report the historical meathaariance of January indices (HDD index) and Jod&es
(CDD index for US localizations and CAT index foari&pean ones. Furthermore, we included the sinmdilaiiean and
variances of the indices, obtained using the ARFIaMA TV-ARFIMA models. For both models the meariedénces
are very small and not significantly different fraaro (the models are not rejected if the compariscthe historical
values is based on the mean, using the procedualdllero et al. 2002). Even if the mean are \hoge, there is a
common preference for the ARFIMA model in Januarg &or the TV-ARFIMA model in June (a model is peed if
the simulated mean is closer to the historical ofajning to the evaluation of the simulated indiv@riances, we note
another common pattern: ARFIMA simulations providever variances than TV-ARFIMA in January and highe
variances in June. Furthermore, ARFIMA variances @doser to the historical moments in January (ediog Berlin
data) than in June. However, if we consider the eha@Valuation test of Caballero et al. (2002) weenthat the
ARFIMA models provides variances not consistenhutiite historical variances of the temperature eglinn January,
except the case of New York. Differently, TV-ARFIM#Aodels provide higher variances but not signifiyadifferent
from the historical one. The result may seem caunttgtive; however, it can be explained by thehgg variability in
the simulated data. Differently, in June both tHeRFAMA and TV-ARFIMA models provide simulated varizs not
statistically different from the historical onesdanith a common preference for TV-ARFIMA.

4.3 Pricing of Weather Derivatives

In order to present the practical impact of thepps®ed modelling strategy, we developed and apied
weather options pricing procedure. Both models (AR&xand TV-ARFIMA) were used to estimate premiumueafor
two weather put options (for January 2007 and R0@¥, respectively) for all the previous localipat. The pricing
was made at the hypothetical dates of Becember 2006 for January options ant Bthy 2007 for June options. The
models used to run the Monte Carlo pricing algonghwere estimated using data available until theny day.

Following real market pricing standards of weathptions, we increased the derivative “fair valudtained
from the model by the 4.5% of the instrument VadidRisk as a risk premium. Furthermore, as a swrétae we took
each time the “expected value” from the model, thans that we priced only options “at the moneitheut limit.
Finally, we set the risk-free rate at the 4.0% @enum and the tick value used in the pricing wasomnformity with
CME rules. We did not include any additional eletseauch as transaction costs, in the pricing @®ce

To sum up, the whole applied procedure of pricimgtlier options is a result of few steps:

1) computing “fair value” as a mean payout from bignoer of simulated indices for given period,
2) adding risk premium computed as a 4.5% of threshuoidtile of payouts (95%),

3) discounting above price one month back using 40086

Table 14 reports the final prices for January 2pQ¥ options. Traditional ARFIMA-FIGARCH model evialiy
leads to strong underestimation of premium in@dhlizations, whereas in June 2007 all optionsegrioy this model
were overestimated.

[TABLES 14 and 15]

These effects are directly connected to the unaled- overestimation of variance in the given monitate
that the historical variance of air temperaturdamuary in all locations is much bigger than ineJ(see table 10 and
11). The application of traditional ARFIMA-FIGARCH pricing process leads to using in selected n®otily one
parameter of “long memory” as a best estimate fdire year, where it was clearly proved, that thésameter may
vary significantly in selected months (see Figurarg tables 3-4).
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From the practitioner’s point of view, accepting txistence of a single “long memory” parameterefatire year will
result in an underestimated value of variance imudgy; this obviously translates into an underestiom of the final
premium value. Analogous, but opposite effects wadsserved in June, where all options were overeséichby the
ARFIMA model. We conclude stressing that the us@8fARFIMA model may provide more accurate pricgsen
that these models are closer to the real data gémgiprocess.

5 Conclusions

In the empirical application of the paper we foalisa monthly variations of the persistence in gragerature
series given the high interest in monthly derivegibased on the temperature. The model may bdycmolied also to
‘seasonal’ changes in the memory level that ceaéldnore relevant in other areas. Note that a fueMtension of the
model currently under development includes a smamthsition between the periods with different stemce, still
maintaining the a-priori knowledge of the transitjgeriod. The endogenous determination of the itiangoints is left
for future researches that will extend the TV-ARRIvhodel including a latent process for the memawgfticient.
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Table 1. Estimated coefficients for mean modelseiiected localizations (deterministic part in mean)3ata set till

end of 2006
Parameters Berlin London Chicago New York
a 9.19641 10.34782 48.81384 54.06666
0 (0.123) (0.08889) (0.02515) (0.17653)
. 3.9E-09 5.9E-09 6.49E-09 9.3E-09
2 (9.2E-10) | (5.9E-10) (1.77E-09) (1.4E-09)
5 -0.28884 -6.37224 -23.72120 -20.52069
1 (0.13109) | (0.08819) (0.25214) (0.18517)
3 -1.68444 -0.35598
2 (0.22987) (0.16959)
3 -0.44743
3 (0.22233)
3 0.15365
° (0.07817)
3 0.43324
6 (0.21632)
a -0.17824
(0.07001)
V. -2.96404 -2.77529 -8.55734 -8.90478
! (0.10623) | (0.07523) (0.21719) (0.15693)
0.26756 0.62673
& (0.11608) | (0.08069)
-0.76157 -0.68641
Vs (0.23331) (0.16813)
R-adjusted 0.77052 0.75401 0.7954 0.8343p

Table 2. Ljung-Box test for residual correlationssfduals of equation (2)) for data set till end?006

Berlin London Chicago New York
Lag |Ljung-Box [P-valugljung-Box [P-valugljung-Box |P-valugljung-Box |Pvalue

1 11680.80 0.00 10269.19 0.0p 9048.7b 0.po 793478 00 D.

2l 18214.11 0.00 15531.04 0.0p 12178.17 0.00 10062.10.00

3 22142.81 0.00 18392.09 0.0p 13521.37 0.00 10840.7%00

4 24659.94 [ 0.00 20106.51 0.0p 14220.26 000 11242.9300

5 26360.06 0.00 21206.61 0.0p 14620.12 000 11514.05600

10 30141.58 0.00 23316.45 0.0p 15318.94 0.00 12135.00.00

20 31335.66 0.00 23826.13 0.0p 15785.25 000 12422.03B00

50 31980.53 0.00 24184.69 0.0p 15913.46 000 12677.42.00

100 32612.35 0.00 24436.04 0.0p 16021.75 0.00 12951.69.00

183 32897.958| 0.00 | 24606.013 0.00 16229.39 0.0p 13366.689.00

364 33862.798| 0.00 | 25353.583| 0.00| 17033.555 0.00 13757.498.00




Table 3. Estimated coefficients for ARFIMA modatssielected localizations (stochastic part in méanjlata sets till

end of 2006
Parameters Berlin London Chicago New York
g 0.13508** | 0.12450* 0.14575% 0.13343*
(0.02449) |  (0.02337) (0.01737) (0.02530)
0.83175% | 0.71290* 0.39457* 0.75372%
PL (0.02569) |  (0.02501) (0.02347) (0.03134)
-0.19705* | -0.05657** -0.13494**
P2 (0.01355) |  (0.00929) (0.00943)
0.06701%
Ps (0.00889)
-0.34212% 0.06593**
G (0.01245) (0.01276)
0.03126* 0.16300%
Ge (0.01092) (0.02311)
Log -22044.773|  -19206.799 -40548.234 -37263.93¢
BIC 2.51698 2.19308 4.62915 4.25444
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Table 4. Estimated coefficients for TV-ARFIMA modéh selected localizations (stochastic part inmpéar data sets

till end of 2006

Parameters Berlin London Chicago New York
g 0.22125% 0.22433* 0.23569* 0.20983*
1 (0.06226) (0.04195) (0.03090) (0.02534)
g 0.18573* 0.20675% 0.16581* 0.13720%
2 (0.06150) (0.03762) (0.02755) (0.02392)
g 0.12426* 0.12139% 0.15370% 0.08730%
g (0.05419) (0.03806) (0.03012) (0.02805)
g 0.11300 0.09526* 0.07751* 0.02371%
4 (0.07879) (0.04489) (0.03779) (0.00570)
g 0.09314 0.15367* 0.11551% 0.09307*
5 (0.07551) (0.04636) (0.04494) (0.02746)
g 0.05721 0.11829* 0.08134* 0.07291*
s (0.07933) (0.04575) (0.03510) (0.02840)
g 0.08325 0.11144* 0.08632* 0.09397*
7 (0.06652) (0.03757) (0.02101) (0.01648)
g 0.05313 0.11001* 0.12838* 0.13001*
‘ (0.07046) (0.04321) (0.03417) (0.03120)
g 0.02210 0.03107 0.07211% 0.11684*
o (0.04923) (0.03307) (0.02981) (0.02535)
g 0.06670 0.10506** 0.10624* 0.13682*
10 (0.07000) (0.03575) (0.03149) (0.02332)
g 0.10518 0.12539% 0.09641* 0.13892*
11 (0.06974) (0.04729) (0.03984) (0.02817)
g 0.22694** 0.23048* 0.20587* 0.18336*
12 (0.06801) (0.04721) (0.02960) (0.02564)
0.84426% 0.69713* 0.39474% 0.79849%
b1 (0.06499) (0.03644) (0.03133) (0.03038)
-0.20521* | -0.05678* -0.14922**
P2 (0.02811) (0.01598) (0.01449)
0.06813*
Ps (0.01631)
-0.34627* 0.10251*
G (0.01284) (0.02122)
0.03095 0.18126*
G (0.02193) (0.01705)
Log -21982.293 -19161.089 -40503.993 -37223.67
BIC 2.51111 2.18904 4.62536 4.25110
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Table 5. Estimated coefficients for TV-ARMA modéisselected localizations (stochastic part in mdanylata sets

till end of 2006

Parameters Berlin London Chicago New York
0.87514** 0.84518** | 0.65705** 0.65735**
b1 (0.01355) (0.01440) | (0.01979) (0.02418)
0.86453** 0.84387** | 0.59406** 0.59163**
P2 (0.01417) (0.01429) | (0.02257) (0.02859)
0.81934** 0.78162** | 0.60096** 0.54946**
Ps (0.01451) (0.01567) | (0.02242) (0.03062)
0.79821** 0.77019** | 0.48009* 0.46153**
Ps (0.01717) (0.01688) | (0.02597) (0.03421)
0.78679** 0.79376** | 0.53435* 0.52332**
Ps (0.01606) (0.01726) | (0.02279) (0.03115)
0.77654** 0.78231* | 0.50959** 0.53775**
Po (0.01650) (0.01859) | (0.02258) (0.02772)
0.77987** 0.77374* | 0.48454** 0.53214**
b7 (0.01569) (0.01774) | (0.02288) (0.03099)
0.76581** 0.77985** | 0.55673** 0.57618**
Ps (0.01890) (0.01773) | (0.02260) (0.02742)
0.74271** 0.69979** | 0.49740** 0.57899**
Po (0.01767) (0.01833) | (0.02489) (0.02682)
0.78737** 0.77360** | 0.51751* 0.58399**
P1o (0.01578) (0.01656) | (0.02305) (0.02618)
0.79638** 0.77347* | 0.52152** 0.57217**
P11 (0.01613) (0.01740) | (0.02352) (0.02670)
0.85500** 0.81872** | 0.62819* 0.63233**
P12 (0.01501) (0.01566) | (0.02203) (0.02510)
-0.32789* | -0.25001*
G (0.01166) | (0.02194)
0.08885** 0.08098**
Ge (0.00896) (0.01526)

Log -22331.654 -19226.689  -40536.765 -37258.83

BIC 2.51790 2.19631 4.62904 4.25489
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Table 6. Ljung Box test for residual correlatiorss{duals of ARFIMA, TV-ARFIMA and TV-ARMA modeldpr data
set till end of 2006

. - Lags
Location | Model type Statistic 1 > 3 Z 5 10 20 50 100
AReva |ung-Box| 0.00| 002] 008 11¢ 131 883 16/985.09) 9467
p-value | 099] 099 099 088 093 055 0/66 093630
. Ljung-Box| 0.01| 0.02] 028 433 517 21.585.18|60.56/126.24
Berlin | TVARMA |- " alie | 093 099 096 036 040 0p2 0002 015040
Ljung-Box| 0.00| 0.03| 0.16 128 167 7.d4 16/336.92|96.29
TVARFIMA R alie | 098 094 098 086 089 054 070 092590
ARFIMA |HUNg-Box| 0.00| 000] 2.12] 291 44k 9.35 21/69.04/ 9651
p-value | 098] 1.0 055 057 049 050 0|36 018580
Ljung-Box| 0.00| 0.10] 6.27 694 96b 28.8a274]84.81]130.01
London | TVARMA |- = ve | 0.95| 095 010 014 009 0po 0/00 000020
Ljung-Box| 0.00| 0.00| 1.87 259 378 7.1 20/98.7498.16
TVARFIMA T alue | 099 104 060 063 059 057 040 019530
ARFIMA |HUng-Box| 0.05| 012] 2.0 394 490 7.45 15[138.16108.98
p-value | 0.83] 094 056 04L 043 0p8 0]77 089250
. Ljung-Box| 0.85 | 5.71| 12.2821.89|32.21| 53.15| 82.00108.84181.03
Chicago | TVARMA =" alie | 0.36] 004 o00i 000 000 0D0 0l00 0.00000
Ljung-Box| 0.04| 0.10] 1.86 317 394 683 14]596.31|106.92
TVARFIMA T Valte | 084 099 060 053 036 074 080 0.93300
AReiva |ung-Box| 0.00| 000] 001 001 07f 241 941 4320543
p-value | 099 1.0d 100 1.00 098 1.p0 0/98 074340
Ljung-Box | 444.5|2325 62387 .82520.82540.12553.12562.02605.42705 3
New York| TVARMA " olie | 0.00] 00d 000 000 000 000 0j00 0.00000
Ljung-Box| 0.00| 0.00] 002 0068 06p 141 959 4208548
TVARFIMA R Nalie | 100 1.0d 100 1.00 099 100 olo7 078330
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Table 7. Estimated coefficients for variance modielselected localizations (deterministic part arignce on residuals
from ARFIMA) for data set till end of 2006

Parameters Berlin London Chicago New Yo
a 0.21065** 2.31744* 1.87803**
o (0.01847) (0.04034) (0.01981)
a -0.00021** | -1.43E-05**
! (0.00007 (3.94E-06)
a 5.3E-08**
2 (1.53E-08)
a -4 .58E-12**
$ (1.31E-12)
7 1.26E-16**
4 (3.73E-17)
3 0.10795** 0.43793** 0.42624**
! (0.02441) (0.02778) (0.02806)
3 0.10214** 0.05366*
§ (0.02663) (0.02451)
3 0.06899**
° (0.02723)
3 -0.05689*
° (0.02658)
_ 0.08593** 0.20204** 0.18680**
N (0.02479) (0.02886) (0.02786)
_ -0.09238** -0.07879** -0.16781** -0.11513*
& (0.02523) (0.02420) (0.02855) (0.02885)
7 0.10259** 0.10104**
° (0.02912) (0.02810)
R?-adjusted 0.00250 0.00269 0.00265 0.0223
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Table 8. Estimated coefficients for variance modelselected localizations (deterministic part arigsnce on residuals

on TV-ARFIMA) for data set till end of 2006

Parameters Berlin London Chicago New Yark
a 0.22242** 2.31663** 1.87491**
o (0.01802) (0.03966) (0.01987)
a -0.00023** -1.35E-05**
! (0.00006) (3.85E-06)
a 5.87E-08**
2 (1.47E-08)
a -4.98E-12**
$ (1.27E-12)
7 1.36E-16**
4 (3.65E-17)
3 0.08606** 0.42550** 0.41288**
! (0.02436) (0.02804) (0.02843)
3 0.10719**
§ (0.02557)
3 0.07100**
° (0.02738)
3 -0.05489*
° (0.02652)
_ 0.07787** 0.18288** 0.19831**
N (0.02462) (0.02845) (0.02763)
_ -0.09570** -0.08909** -0.17524** | -0.12364**
& (0.02509) (0.02406) (0.02843) (0.02857)
7 0.10131** 0.09957**
° (0.02870) (0.02779)
R?-adjusted 0.00258 0.00237 0.00251 0.02248
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Table 9. Estimated coefficients for FIGARCH (1,dyddels in selected localizations (stochastic ipavariance for

data set till end of 2006

Based on

> Log

residuals likelihood
Localization | from model @ B A ¢ ke

2.12035* | 0.01932* | 0.07242* 0.00380 20089.16

Berlin (0.16964) | (0.01042) | (0.01095) | (0.0280) '
2.41659* | 0.06620** | 0.04181** | 0.05901** 1975423
London | oo, | (0.14384) | (0.00765) | (0.00850) | (0.01613) o
1.21720** | 0.34901* | 0.11634** | 0.25609** 20732.99
Chicago (0.17352) | (0.04983) | (0.01551) | (0.04562) 2
1.92727** | 0.13962* | 0.06890** | 0.13497** 20263.33

New York (0.19281) | (0.02612) | (0.01105) | (0.01500) :
2.15941* | 0.04721** | 0.06326** | 0.03394** 19933.94

Berlin (0.13916) | (0.00222) | (0.00987) | (0.01162) :
2.44955* | 0.01744** | 0.04829** 0.0000 19770.97

London |, roe s | (0.13387) | (0.00453) | (0.00734) | (0.00327) :
1.25498** | 0.31965* | 0.11633** | 0.22510** 20643.03

Chicago (0.17623) | (0.06165) | (0.01524) | (0.06051) :
2.18998** | 0.01885* | 0.06814** | 0.01151** 20169.47

New York (0.12402) | (0.00513) | (0.00750) | (0.00221) '

in the brackets are standard errors.
*  coefficient significant on level 5%
** coefficient significant on level 1%

Table 10. Results of testing ARFIMA and TVARFIMA ohels in respect of mean value of forecasting teatpes

index for January 2007 (out of sample) for seletbedlizations using evaluation proposed by Cabalé al (2002).

Par ameter Berlin New York |London Chicago
Mean in sample 568.38 1043.76 432.34 1355.56
Mean from Arfima-Figarch 566.56* 1040.38* 437.39* 1347.18*
Mean from TV Arfima-Figarch 566.42* 1039.95F  437*78| 1345.20*
Difference in mean - Arfima-Figarch 1.82 3.38 -5.05 8.39
Difference in mean - TV Arfima-Figarch 1.96 3.80 A5 10.36
Quantilesfor differencein mean from sample and selected model
Arfima-Figarch ( level 95%) 14.31 35.57 16.02 59.61
Arfima-Figarch ( level 99%) 18.89 49.23 19.80 73.77
TV Arfima-Figarch ( level 95%) 18.74 44.01 20.60 .Jb
TV Arfima-Figarch ( level 99%) 25.43 59.25 24.97 %

* no reasons to reject model on confidence level 1%
values of parameters marked with bold font areeslés values from sample

Table 11. Results of testing ARFIMA and TVARFIMA nhels in respect of variance value of forecastimgpierature
index for January 2007 (out of sample) for selettedlizations using evaluation proposed by Cabalé al (2002).

Par ameter Berlin New York |London Chicago
\Variance in sample 8727.47 18822.45 2879.69 310979.5
\VVariance from Arfima-Figarch 5478.3] 16143.66* | 2265.10 | 41721.51*
Variance from TV Arfima-Figarch 9993.03* | 26731.31*| 4090.33*| 74098.22F
Difference in variance - Arfima-Figarch -3249.16 678.79 -614.58 10641.91
Difference in variance - TV Arfima-Figarch 1265.57 7908.86 1210.65| 43018.62
Quantilesfor differencein variance from sample and selected model
Arfima-Figarch ( level 95%) -1472.4( 7666.92 153.5P 26593.80
Arfima-Figarch ( level 99%) -626.92 8888.51 443.38 28763.65
TV Arfima-Figarch ( level 95%) 4504.27) 18588.23 244 | 69424.89
TV Arfima-Figarch ( level 99%) 5931.32 23609.88 308L 76337.23

* no reasons to reject model on confidence level 1%
values of parameters marked with bold font areeslés values from sample
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Table 12. Results of testing ARFIMA and TVARFIMA ohels in respect of mean value of forecasting teatpes
index for June 2007 (out of sample) for selectedliaations using evaluation proposed by Cabaktml (2002).

Par ameter Berlin New York |London Chicago
Mean in sample 503.42 191.89 461.90 137.90
Mean from Arfima-Figarch 513.46* 198.64% 458.08F  A62*
Mean from TV Arfima-Figarch 513.07* 195.43* 457.88* 153.32*
Difference in mean - Arfima-Figarch 10.04 6.74 3.8 26.22
Difference in mean - TV Arfima-Figarch -0.39 -3.20| -0.21 -10.80
Quantilesfor differencein mean from sample and selected model
Arfima-Figarch ( level 95%) 25.59 22.22 5.56 49.75
Arfima-Figarch ( level 99%) 30.84 28.45 10.19 57.47
TV Arfima-Figarch ( level 95%) 20.98 16.86 5.11 &3.
TV Arfima-Figarch ( level 99%) 24.67 21.64 8.64 3B.

* no reasons to reject model on confidence level 1%
values of parameters marked with bold font areeslés values from sample

Table 13. Results of testing ARFIMA and TVARFIMA nhels in respect of variance value of forecastimgperature

index for June 2007 (out of sample) for selectedliaations using evaluation proposed by Cabaktmal (2002).

Par ameter Berlin New York |London Chicago
\VVariance in sample 1627.37 2254.39 1361.88 2655(18
\VVariance from Arfima-Figarch 5701.591 4843.34* 1908 | 7402.68*
\Variance from TV Arfima-Figarch 3386.89* | 3350.12* | 1715.08* | 4677.11*
Difference in variance - Arfima-Figarch 4074.23 255 548.06 4747.50
Difference in variance - TV Arfima-Figarch 1759.58 1095.74 353.69 2021.94

Quantilesfor differencein variance from sample and selected model

Arfima-Figarch ( level 95%) 6244.20 4665.19 1201.858163.11
Arfima-Figarch ( level 99%) 6986.78 5155.21 1435.65 9087.77
TV Arfima-Figarch ( level 95%) 3110.50 2500.58 2. 3957.29
TV Arfima-Figarch ( level 99%) 3608.11 2856.59 1185 | 4505.12

* no reasons to reject model on confidence level 1%
values of parameters marked with bold font areeslés values from sample

Table 14. Final prices for January 2007 put opti@teived using ARFIMA-FIGARCH and TVARFIMA-FIGARCH

models for selected localizations.

Model type used in pricing process Berlin London | id@bo New York

Arfima-Figarch £698.6. £449.67 $1,911.3] $1,185.3]
TV Arfima-Figarch £943.9/ £602.74 $2,5528 $1,526.4
Difference in relation to ARFIMA-FIGARCH [%)] 35.119 33.94% 33.53Y 28.78Y

Table 15. Final prices for June 2007 put optiorneired using ARFIMA-FIGARCH and TVARFIMA-FIGARCH

models for selected localizations.

Model type used in pricing process Berlin London | idd8bo New York

Arfima-Figarch £708.8! £412.69  $785.5/ $646.2!
TV Arfima-Figarch £548.1{ £391.31 $627.4! $538.5¢
Difference in relation to ARFIMA-FIGARCH [%] 22.66Y -5.189 20.13Y -16.66Y
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